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ABSTRACT 


We produce a family of complexes called trimming complexes and explore applica- 
tions. We first study ideals defining type 2 compressed rings with socle minimally 
generated in degrees s and 2s — 1 for s > 2. We prove that all such ideals arise 
as trimmings of grade 3 Gorenstein ideals and show that trimming complexes yield 
an explicit free resolution. In particular, we give bounds on parameters arising in 
the Tor-algebra classification and construct explicit ideals attaining all intermediate 
values for every s. This partially answers a question of realizability of Tor-algebra 
structures posed by Avramov. Next, we study how trimming complexes can be used 
to deduce the Betti table for the minimal free resolution of the ideal generated by 
subsets of a generating set for an arbitrary ideal J. In particular, explicit Betti ta- 
bles are computed for an infinite class of determinantal facet ideals; previously, Betti 
numbers for anything more than the linear strand had not been computed explicitly. 
Next, we study certain classes of equigenerated monomial ideals with the property 
that the so-called complementary ideal has no linear relations on the generators. 
We then use iterated trimming complexes to deduce Betti numbers for such ideals. 
Furthermore, using a result on splitting mapping cones by Miller and Rahmati, we 
construct the minimal free resolutions for all ideals under consideration explicitly and 
conclude with questions about extra structure on these complexes. Finally, we con- 
sider the iterated trimming complex associated to data yielding a complex of length 
3. We compute an explicit algebra structure in this complex in terms of the algebra 
structures of the associated input data. Moreover, it is shown that many of these 


products become trivial after descending to homology. We apply these results to the 


lv 


problem of realizability for Tor-algebras of grade 3 perfect ideals, and show that under 
mild hypotheses, the process of “trimming” an ideal preserves Tor-algebra class. In 
particular, we construct new classes of ideals in arbitrary regular local rings defining 
rings realizing Tor-algebra classes G(r) and H(p, q) for a prescribed set of homological 


data. 
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CHAPTER 1 


INTRODUCTION 


Let (R,m,k) bea regular local ring with maximal ideal m. A result of Buchsbaum and 
Eisenbud (see [11]) established that any quotient R/J of R with projective dimension 3 
admits the structure of an associative commutative differental graded (DG) algebra. 
Later, a complete classification of the multiplicative structure of the Tor algebra 
Tor?’(R/I,k) for such quotients was established by Weyman in [43] and Avramov, 
Kustin, and Miller in [4]. 

One parametrized family arising from the aforementioned classification of Tor 
algebras is the class G(r), where r is a parameter arising from the rank of the induced 
map 


6: Tor$'(R/I,k) > Hom,(Tort’(R/I, k), Tor(R/I, k)). 


If J c Ris such that R/J is Gorenstein, then it is shown by Avramov and Golod in 
[3] that the Koszul homology algebra of R/J is a Poincaré duality algebra. Indeed, 
an equivalent characterization of the Tor algebra class G(r) is that that there exists 
a subalgebra of the Tor algebra minimally exhibiting Poincaré duality, in the sense 
that there does not exist any nontrivial multiplication outside of this subalgebra (see 
Definition 3.4.5 for a precise statement). It can be shown that if R/J is Gorenstein 
(and not a complete intersection) of codimension 3, then R/J has Tor algebra class 
G(u(1)), where (1) denotes the minimal number of generators of J. Avramov con- 
jectured in [2] that quotients of Tor algebra class G are necessarily Gorenstein rings. 

The technique of “trimming” a Gorenstein ideal is used by Christensen, Veliche, 


and Weyman (see [16]) to produce codimension 3 non-Gorenstein rings with Tor 


algebra class G. If (R,m) is a regular local ring and J = (@,,...,¢,) C R is an m- 
primary ideal with R/J of codimension 3, then an example of this trimming process 
is the formation of the ideal (¢1,...,@n—-1) + M@n. 

The classification of perfect codimension 3 ideals has seen significant progress re- 
cently, starting with the paper [45] (extending the work started in [43]), which links 
this structure theory to the representation theory of Kac-Moody Lie algebras. Reso- 
lutions of a given format (sequence of Betti numbers) have an associated graph, and 
it is conjectured in [15] that an ideal is in the linkage class of a complete intersection 
if and only if this associated graph is a Dynkin diagram. 

In [2, Question 3.8], Avramov poses a question of realizability; that is, which Tor 
algebra classes of codimension 3 local rings can actually occur? Using techniques of 
linkage, this question is explored in [17], refining the classification provided in [4] and 
showing that every grade 3 perfect ideal in a regular local ring is in the linkage class 
of either a complete intersection or an ideal defining a Golod ring. 

The subject of this thesis is a generalization of the resolution introduced in [39, 
Theorem 5.4] and the exploration of its utility in a large expanse of topics relating to 
homological invariants of modules and ideals, including questions of realizability for 
Tor-algebra structures. 

We first examine grade 3 homogeneous ideals J C R := k(x, y, z| (with all variables 
having degree 1, and & being a field of arbitrary characteristic) defining an Artinian 
compressed ring with socle Soc(R/I) = k(—s)’ @ k(—2s + 1) for some @ > 1. The 
values s and 2s — 1 are interesting because they provide a boundary case for socle 
degrees; more precisely, it is not possible to have a ring with socle k(—s,)’ @ k(—s2), 
where S9 > 2s,. In particular, we prove that all such ideals arise as iterated trimmings 
of a Gorenstein ideal (see Proposition 3.3.9) and are hence resolved by a so-called 


iterated trimming complex. 


We then specialize to the case where @ = 1. We use the resolution of Theorem 
2.1.5 to produce general resolution for trimmed Gorenstein ideals that is minimal in 
some generic cases (see Proposition 3.2.4 for the relevant parameter space and the 
corresponding open subset). Even in the cases where this resolution is not minimal, 
there is valuable information to be gained from the relatively simple differentials 
involved. We give sharp bounds for the graded Betti numbers of ideals defining 
compressed rings with socle k(—s) 6 k(—2s + 1). Furthermore, we produce a family 
of ideals attaining all possible intermediate Betti numbers. This family is also used to 
show that for any integers r and s with s > 3and s <r < 2s—1, there exists a grade 
3 ideal J defining an Artinian compressed ring with Soc(R/I) = k(—s) @ k(—2s + 1) 
of Tor algebra class G(r) (see Corollary 3.5.9), which partially answers Avramov’s 
question of realizability mentioned above. 

The homogeneous minimal free resolution of ideals generated by all minors of a 
given size of some matrix is well understood (see, for instance, [9]). It is less well 
understood what the minimal resolution/Betti table of the ideal generated by subsets 
of these minors must be. Certain classes of subsets have applications in algebraic 
statistics, including the adjacent 2-minors of an arbitrary matrix and arbitrary subsets 
of a 2x n matrix are considered (see [29], [31] for the former case). The latter case has 
been studied by Herzog et al (see [28]); in particular, such ideals are always radical, 
and the primary decomposition and Grébner basis are known. 

In [23], so-called determinantal facet ideals are studied. Every maximal minor has 
an associated indexing set consisting of the columns of the associated submatrix, and 
a collection of minors can then be indexed by the facets of a certain simplicial complex 
A on the vertex set {1,...,n}, for some n. Properties of the determinantal facet ideal 
may be deduced from properties of A. A study of the homological properties of these 


ideals is conducted in [30]; in particular, the Betti numbers of the linear strand of 


the minimal free resolution of these ideals is computed in terms of the f-vector of the 
associated clique complex. 

In this thesis, we consider a subset of the cases addressed in [30] (indeed, determi- 
nantal facet ideals in general seem be very complicated, with essentially no well-known 
structure outside of the binomial edge ideal case); however, we compute Betti num- 
bers explicitly in all degrees, instead of just the linear strand, and our formulas do 
not depend on any combinatorial machinery. We also deduce that the ideals under 
consideration are never linearly presented and hence never have linear resolutions. 

Next, we study equigenerated monomial ideals; that is, ideals generated in a single 
degree. A naive method of obtaining such ideals is to start with the ideal generated 
by all monomials of degree d, (@1,...,2n)¢ C k[x1,...,%,], and then delete some of 


4 is well known 


the generators. The graded minimal free resolution of (21,...,2%n) 
(see Proposition 5.1.3), and so one would only need machinery for which the Betti 
numbers after deleting generators could be deduced. This machinery is provided by 
iterated trimming complexes. 

Finally, we show that if the complexes associated to the input data of Setup 
2.1.1 are length 3 DG-algebras, then the product on the resulting iterated trimming 
complex of Theorem 2.2.4 may be computed in terms of the products on the afore- 
mentioned complexes. The proof of this fact is a long and rather tedious computation; 
moreover, in full generality, the products have certain components that are only de- 
fined implicitly. In the case that the complexes involved admit additional module 
structures over one another, these products may be made more explicit (see Propo- 
sition 6.2.4). However, after descending to homology, many of these products either 
vanish completely or become considerably more simple. This fact is made explicit in 
the corollaries at the end of this section, and will be taken advantage of in Section 
6.3. We focus on ideals defining rings of Tor-algebra G and H, and show that under 


very mild assumptions, trimming an ideal preserves these Tor-algebra classes. This 


allows us to construct novel examples of rings of class G(r) and H(p,q) obtained as 
quotients of arbitrary regular local rings (R,m,k) of dimension 3, and we further add 


to the realizability question posed by Avramov (see Corollary 6.4.8 and 6.4.14). 


CHAPTER 2 
CONSTRUCTION OF TRIMMING COMPLEXES 


This chapter is the basis for the rest of the thesis. Sections 2.1 and 2.2 introduce the 
main machinery: the trimming complex and iterated trimming complex. We prove 
that these complexes are resolutions that are not necessarily minimal. However, due 
to the simple nature of the differentials, one can deduce the ranks appearing in the 
minimal free resolution of the ideal of interest. The construction itself is relatively 
simple, and can essentially be described as the comparison map of a certain induced 
morphism of complexes. The idea of using mapping cones to produce resolutions 
of sums of ideals has been known for some time; using a mapping cone to delete 


generators is a much newer idea. 


2.1 ‘TRIMMING COMPLEXES 


In this section, we introduce the notion of trimming complexes and show that, in 
fact, these complexes are resolutions. We begin by defining the quotient rings we aim 


to resolve and setting up the notation that we will use throughout the section. 


Setup 2.1.1. Let R = klay,...,%n| be a standard graded polynomial ring over a 
field k. Let I C R be a homogeneous ideal and (F.,d.) denote a homogeneous free 
resolution of R/I. 

Write F, = Fi ® Reo, where eo generates a free direct summand of F\. Using the 
isomorphism 


Homp(f», F\) = Hom p( fo, F)) <p) Homp(Fo, Reo) 


write dy = d, +do, where d € Homp(Fo, F{), do) € Hompr(Fo, Reo). Let a denote any 
homogeneous ideal with 


do(F2) C aeo, 


and (G.,m.) be a homogeneous free resolution of R/a. 
Use the notation K’ := im(d,|m : F[ > R), Ko :=im(di|re, : Reo > R), and let 


J:=K'+a- Kp. 


Our goal is to construct a resolution of the quotient ring R/J as in Setup 2.1.1. 


Observe that the length of G, does not have to equal the length of Fy. 
Proposition 2.1.2. Adopt notation and hypotheses as in Setup 2.1.1. Then 
(K’: Ko) Ca. 
Proof. Let r € R with rKo C K'. By definition there exists e’ € F} such that 
d,(e’ + reo) = 0. 


By exactness of F,, there exists f € Fy with do(f) = e’ + reg. Employing the 


decomposition dz = d + do, we find 


do(f) —rep =e — di(f) € Fi MN Reg = 0 


whence do(f) = reo. By selection of a, we conclude r € a. 


Proposition 2.1.3. Adopt notation and hypotheses as in Setup 2.1.1. Then there 


exists a map q, : Fy + G1 such that the following diagram commutes: 


where do : Fy + R is the composition 
F, + Rey —> R, 


and where the second map sends eg +> 1. 


Proof. This follows directly from the fact that F 2 is projective. 


Proposition 2.1.4. Adopt notation and hypotheses as in Setup 2.1.1. Then there 


exist maps dp: Fei, > Gy for all k > 2 such that the following diagram commutes: 


dr41 
Pat Fy 


; 


| 


Gi hn” Gri 


Proof. We build the gy, inductively. For k = 2, observe that 


m4 og, 0 d3 = dy ods = 0, 


so there exists gg : F3 — G2 making the desired diagram commute. For k > 2, we 


assume that g,—1 has already been constructed. Then 


Mr-1 © Ok—1 © Ans = e—2 0 dy 0 dyyi = 0, 


so the desired map q, exists. 


Theorem 2.1.5. Adopt notation and hypotheses as in Setup 2.1.1. Then the mapping 


cone of the morphism of complexes 


d! 
ee ae Be ey (2.1.1) 
[a | [a 
Mr C2 m2 Gi ama (=)-di (0) 


is acyclic and is a free resolution of R/J. 


Proof. We first verify that the maps given in the statement of Theorem 2.1.5 form 


a morphism of complexes. To this end, it suffices only to show that the first square 


commutes. Let f € Fb; moving counterclockwise around the first square, we see 


fr —mi(u(f)) - di(eo) 
= —do(f) - d,(€o) 
= —d;(do(f)eo) 


= —dy(do(f)) = di(dy(f)). 


Thus we have a well defined morphism of complexes. Let g. denote the collection of 
vertical maps in 2.1.1, FY the top row of 2.1.1, and G{ the bottom row of 2.1.1. There 


is a short exact sequence of complexes: 
0+ G > Cone(q) > Fi|—1] > 0, 


which induces the standard long exact sequence in homology. Using this long exact 


sequence of homology, Cone(q,) will be a resolution of R/J if: 
1. The complex FY is a resolution of K’/(K'NM Ko). 
2. The complex G% is a resolution of R/(ako). 


3. The induced map on Oth homology 


kK’ me R 
K' Ko ako 


is an injection. 


To prove (1), observe that the top row of 2.1.1 appears as the bottom row in the 


short exact sequence of complexes 


0 0 (2.1.2) 
(ny 7 en 0 
py 0 
| 
Fp a Ee = SG 
| 
0 0 0 


The top row of 2.1.2 is exact since R is a domain. The middle row is exact since F, is 
a resolution of R/I, so the bottom row must also be exact. Notice that the rightmost 
column is exact since I/Ko = (K'+ Ko)/Ko = K'/(K'N Ko). 

Similarly, (2) holds because R is a domain. More precisely, if g € G and m,(q) - 


di(e€9) = 0, then m,(g) = 0. Since G, is exact by assumption, g € im(d,). 


Lastly, to prove (3), simply observe that K’ Mako C K'N Ko. 


Definition 2.1.6. The trimming complex associated to the data of Setup 2.1.1 is the 


resolution of Theorem 2.1.5. 


Remark 2.1.7. Notice that in Definition 2.1.6, the associated trimming complex de- 


pends on a chosen generating set for J, not just the ideal itself. 


In general, the trimming complex associated to the data of Setup 2.1.1 need not 
be minimal. However, the following Corollary allows us to deduce the (graded) Betti 


numbers even for a nonminimal resolution. 


Corollary 2.1.8. Adopt notation and hypotheses of Setup 2.1.1. Assume furthermore 


that the resolutions Fy and G, are minimal. Then for i > 2, 
dim, Tor}’(R/J,k) = rank F; + rank G; — rank(q_, ® k) — rank(q; @ k), 


10 


and 


uJ) = wl) + w(a) — 1 — rank(q @ ). 


Proof. Resolve R/J by the mapping cone of the diagram in Theorem 2.1.5, and let 


€; denote the zth differential. Then for 7 > 2, 
dim, Tor?(R/J, k) = dim, Ker(é; @ k)/im(€:41 @ k). 
Since the resolutions F, and G, are minimal by assumption, 
rank(im(¢;41) = rank(q; ® k), and 


rank(Ker(¢; ® k)) = rank F; + rank G; — rank(q@_1 © k). 


For the latter claim, observe that /; ® k = 0, so 
dim; Tor;(R/J, k) = rank F) + rank G; — rank(q @ k). 


Since rank FT = p(l) — 1 and rankG, = y(a), the claim follows after recalling 


dim; Tor,(R/J,k) = y(J). 


Remark 2.1.9. Observe that in the setting of Corollary 2.1.8, if the resolutions F, and 
G, are also graded, then we may restrict the equalities to homogeneous pieces to find 


the graded Betti numbers as well. 


2.2. ITERATED TRIMMING COMPLEXES 


In this section, we consider an iterated version of the data of Setup 2.1.1, and construct 
a similar resolution. We conclude this section with a concrete example illustrating 


the construction. 


Setup 2.2.1. Let R = kla,,...,%,] be a standard graded polynomial ring over a 
field k. Let I C R be a homogeneous ideal and (F,,d.) denote a homogeneous free 


resolution of R/I. 


11 


Write F, = Fi ® ( @'_, Re’), where, for each i = 1,...,t, ey generates a free 
1 j=1 f€p 0 


direct summand of F,. Using the isomorphism 


t 
Homp(F», F1) = Homp(Fo, F;) SP) ( DHomalh, Rej)) 


i=1 

write dz = d, +dj+---+d), where di, © Home(Fo, Fi) and di, € Home(F», Re). 

For eachi=1,...,t, let a; denote any homogeneous ideal with 

di,( F2) kis ai€h, 

and (Gi,m%) be a homogeneous free resolution of R/a;. 

Use the notation K' := im(di|r : Fi > R), Ko := im(di|pes : Rey > R), and let 
J:= K'+a,-Kj+---+a,- KG. 

The next few Propositions are directly analogous to those of the previous section; 


the proofs are omitted since they are identical. 


Proposition 2.2.2. Adopt notation and hypotheses of Setup 2.2.1. Then for each 


i=1,...,t there exist maps qi, : Fy + G' such that the following diagram commutes: 


where ay : Fy > R is the composition 


dq i 
Fy > Reg >R, 
and where the second map sends ef, ++ 1. 


Proposition 2.2.3. Adopt notation and hypotheses as in Setup 2.2.1. Then for each 
i= 1,...,t there exist maps q, : Fux: 2 Gt, for all k > 2 such that the following 
diagram commutes: 


dp41 
Py41 —— Fy 


“| an 


i i 
Gi, —? Gia 
k 
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Theorem 2.2.4. Adopt notation and hypotheses as in Setup 2.2.1. Then the mapping 


cone of the morphism of complexes 


d : d! 
k+L > Fy dy, Revolt d3 > FB, 2 Fi (2.2.1) 
dk qi 
dy 
dk-1 gi 
mj : mi, mi, 2 —~S™_. mi(-)-di (ei ~ 
. DB ge Gi_ © m1 ® 3 Ot, Gi iar ™(-)-41(€5) R 


is a free resolution of R/J. 


The proof of Theorem 2.2.4 follows from iterating the construction of Theorem 
2.1.5; however, there is some careful bookkeeping needed to deduce that the mapping 
cone of 2.2.1 can be obtained by iterating the mapping cone construction of Theorem 


2 L.0% 


Proof of Theorem 2.2.4. Adopt notation and hypotheses of Setup 2.2.1. Let (Fj, dt) 
denote the complex of Theorem 2.1.5 applied to the direct summand Rej of F,; that 


is, the mapping cone of: 


F, Fl (2.2.2) 


where Fl’ = F’@ (@1» Reh) and d}’ = di, +d} +--+. +d. Proceed by induction 
on t. Observe that Theorem 2.1.5 is the base case t = 1. Let t > 1 and recall the 


notation of Setup 2.2.1. We may write 


d: 0 a0 de 30 
d=| ° tp [eee] 
—q ms 0 0 0 0 
where for each 7 = 2,...,t, 
di, 
> FY Reg. 
0 0 
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This means we are in the situation of Setup 2.2.1, only instead trimming t — 1 
generators from the ideal K’ + a,Kg + Ki +---+ Ki. Observe that the maps 
(«i 0) : Fh = Fi ® Ghat > Gi make the diagram of Proposition 2.2.3 com- 


mute. By induction, the mapping cone of 


d, 0 
1 1 
dh di F oe LL 
ri —* SF Fy 
G-1 O qi 0 
dj—mt(—)-dy (e9) 
Te 0 qi 0 


Qi. ~,, Ori. @ — hae Mi (-)-4a (eG) 


a ~ a 
t ™2 mt 
pe yD G4 rte Dae G 


+R 


forms a resolution of K’+ a,K3 + (ak feet a, K$) (recall that the top row forms 
a resolution of K’ + (Kj +---+Ké) +a,K 5 by Theorem 2.1.5). The differentials of 


this mapping cone are the same as the differentials induced by the mapping cone of 


diagram 2.2.1 as in the statement of Theorem 2.2.4. 


Definition 2.2.5. The iterated trimming complex associated to the data of Setup 


2.2.1 is the complex of Theorem 2.2.4. 


As an immediate consequence, one obtains the following result (the proof of which 


is identical to that of Corollary 2.1.8): 


Corollary 2.2.6. Adopt notation and hypotheses of Setup 2.2.1. Assume furthermore 


that the complexes Fy and G, are minimal. Then for i > 2, 


; di Gi-1 
dim, Tor/*(R/J,k) = rank F,+5~ rank G! —rank et) —rank ot), 


j=1 
t t 
qj G1 
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and 


(J) =H) 14+ 3p) ~ ek on) 


j=l 


We conclude this chapter with an example illustrating the construction of iterated 


trimming complexes. 


Example 2.2.7. Let R = k[z, y, z], 


go yee 1) 0 0 


and I = Pf(X), the ideal of submaximal pfafhians of X. Let F, denote the complex 


with 
d= (y! —y222 —g y+ 24 —922? 2) 
This is a minimal free resolution of R/I (see [11]). In the notation of Setup 2.2.1, let 
Kim (0% +2220"), Kb = Wy), KR = (2), 


and a; = dz := (x,y,z). Let G} = G2 denote the Koszul complex: 


Zz -y -—z O 
—y ze OQ -2z 
£ 0 «vr y (« Yy 2) 
0 R > Re Re R. 


15 


Then, one computes: 


G& =| rz >R- R?. 
0 
Then, the mapping cone of Theorem 2.2.4 forms a resolution of R/(K’+a, Kj +a2k@). 


In particular, we deduce that this mapping cone is a minimal free resolution and hence 


16 


the above quotient ring has Betti table 


9 
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CHAPTER 3 


IDEALS DEFINING COMPRESSED RINGS 


The Hilbert scheme of points associated to projective space P” is a scheme whose 
points parametrize 0-dimensional closed subvarieties by their corresponding Hilbert 
polynomial. Given such data, it is natural to consider the behavior of the varieties 
associated to closed points with maximal Hilbert polynomial. Taking global sections 
of such varieties, we obtain an Artinian k-algebra whose Hilbert polynomial is as 
large as possible and hence totally determined by its socle degrees; such a k-algebra 
is called compressed. Compressed k-algebras arise generically, meaning that they 
appear with sufficient ubiquity as to warrant close study. In this chapter, we examine 
grade 3 homogeneous ideals J C R := k[x,y, z| (with all variables having degree 1, 
and k being a field of arbitrary characteristic) defining an Artinian compressed ring 
with socle Soc(R/I) = k(—s)! @ k(—2s + 1) for some s > 3, > 0. 

The chapter is organized as follows. Sections 3.1 and 3.2 consist of preliminary 
material and notation. Section 3.3 proves the previously mentioned fact that any 
grade 3 ideal I C k[x,y,z] defining an Artinian compressed ring with Soc(R/I) = 
k(s)° @ k(—2s + 1) is obtained as the iterated trimming of some grade 3 Gorenstein 
ideal. In particular, all such ideals may be resolved by an iterated trimming complex. 
For sufficiently generic ideals, this resolution is minimal. 

We explore the initial consequences of the explicit resolution provided by iterated 
trimming complexes. In the standard graded case, we find a remarkably simple crite- 


rion to deduce whether the trimmed generating set of a Gorenstein ideal is a minimal 
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generating set. In particular, questions about minimal generators are translated into 
counting degrees of the entries of the presenting matrix of a Gorenstein ideal. 
Section 3.4 delves into some more nontrivial consequences of the tools developed 
beforehand. In [16], all possible Tor algebra structures of trimmed Gorenstein ideals 
are enumerated. As a consequence, all possible Tor algebra structures for the ideals 
of interest may be deduced; in particular, these ideals are either class G(r) or Golod. 
Section 3.5 specializes to the case that the ideal defines a compressed ring of type 
2. Combining given by [16] the bounds on the minimal number of generators, we 
show that all such ideals are class G(r) for some s < r < 2s — 1. Furthermore, using 
information from the free resolution provided by trimming complexes, we show that 


every such r value between s and 2s — 1 may be achieved. 


3.1 COMPRESSED RINGS AND INVERSE SYSTEMS 


Definition 3.1.1. Let A be a local Artinian k-algebra, where k is a field and m 
denotes the maximal ideal. The top socle degree is the maximum s with m* 4 0 and 
the socle polynomial of A is the formal polynomial >>3_, c;z’, where 


Soc(A) Nm! 
Soc(A) AN mitl” 


CG = dim; 
An Artinian k-algebra is standard graded if it is generated as an algebra in degree 1. 


Definition 3.1.2. A standard graded Artinian k-algebra A with embedding dimen- 
sion e, top socle degree s, and socle polynomial S73, c;z' is compressed if 
8 =pH4\.2 =fte7 
ame m'/an'*t = in { (6 *) Seer’ se ‘\) 
i 26 £-% 


fOr UU) on 5 8: 


Setup 3.1.3. Let n > 1 be an integer and k denote a field of arbitrary characteristic. 
Let V be a vector space of dimension n over k. Give the symmetric algebra S(V) =: R 


and divided power algebra D(V*) the standard grading (that is, S\(V) = V, Di(V*) = 
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V*). The notation S; := S;(V) denotes the degree i component of the symmetric 
algebra on V. Similarly, the notation D; := D,(V*) denotes the degree i component 
of the divided power algebra on V*. 

Given a homogeneous I C S(V) defining an Artinian ring, there is an associated 
inverse system 0 :piyx) I. Similarly, for any finitely generated graded submodule 
N C D(V*) there is a corresponding homogeneous ideal 0 :s(y) N defining an Artinian 
ring. 

If I is a homogeneous ideal with associated inverse system minimally generated by 
elements @1, ...,@% with deg d; = s;, then there are induced vector space homomor- 
phisms 


k 
®; : S; rd @ D.,-i 


j=l 
sending f +> (f-d1,...,f + Ok). 

Observation 3.1.4. Let J C S(V) be a homogeneous ideal with associated inverse 
system minimally generated by elements ¢), ...,@, with deg ¢; = s;. If the induced 
maps ®; of Setup 3.1.3 have maximal rank for all i, then the ring R/J is compressed, 


as in Definition 3.1.2. 


Proof. By definition, I; = Ker ®;; by the rank-nullity theorem, 


dim, (R/T); 


dim; im ®; 


e 
= min { dim, $;, dim, @B Dus} 


j=l 


where the latter equality follows by the assumption that 6; has maximal rank. 


Definition 3.1.5. Let J C S(V) be a homogeneous ideal with associated inverse 
system minimally generated by elements ¢,, ..., 6, with deg ¢; = s;. Let m denote 


the first integer for which ®,, is a surjection. Then m is called the tipping point 
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of I; this is well defined since the rank of the domain and codomain of each ®; is 


increasing /decreasing in i, respectively (and the codomain is eventually 0). 


Proposition 3.1.6 ((34], Lemma 1.13). Let @ be a homogeneous element of D(V*) 
of degree s. Then the tipping point of the ideal 0 :s(y) @ is [s/2|. In addition, the 


induced maps ®, satisfy the following properties for every integer 7. 
(a) Hom, (®;, &) = ®,; 
(b) ®; is surjective if and only if ®,_; is injective. 


Definition 3.1.7. Adopt Setup 3.1.3 with R = S(V) and let 2: V — R. The Koszul 


complex K, on w is the complex obtained by setting 


with differential 
i-1 


5: AV @ R(-i) > AV@R(-it1) 


defined as multiplication by w € V* (where /\° V is given the standard module struc- 


ture over A\*° V*). 
The following can be found as Proposition 2.5 of [6]: 


Proposition 3.1.8. Let I be a homogeneous ideal in R := S(V) of initial degree t, 
and set A= R/I. Then 


Tor?(A, k)ize-1 & Ker(a) NKer(5;-1), i= 2,...,n 


where 6; is the Koszul differential \’'V@R, > A” ?V @ Ri and x is the quotient 


map NV @RO AUNV @ At. 


Remark 3.1.9. Adopt notation and hypotheses of Setup 3.1.3. Let ~:V — R be such 


that imw = R,. Observe that Ker(z) M Ker(6;_1) as in Proposition 3.1.8 is precisely 


pal 


Ker(z) Nim(6;) by exactness of the Koszul complex. The latter set may be described 


as the kernel of the composition of k-vector space homomorphisms 
; 5; es 
NV @S,(V) > ATV @ Sti (V) 


1@®141 


NAV De oY", 


Denote the above composition of k-vector space homomorphisms by 


i i-1 
O,(¢) : \ V@S(V) > \ V@Degail¥"): 

Proposition 3.1.10. Adopt Setup 3.1.3. Let A = R/I where I = (0: 6), OE 

DA(V*), and let t denote the initial degree of I, n=pdpR/I. Then, 


—l+2-1\/t-1 
dim, Tor!'(A, kere = ( att ( ie 


od — rank 0;(¢) 


n—1 
FOR GUY SD ces oT: 


Proof. First observe that the minimal homogeneous free resolution of 


i+1 a 


im(d; : \ V ® Rei > [\V®R) 
is obtained by truncating the Koszul complex: 
i+t i+1 


whence 


dim im(8,) = S7(—1)"* dim (A V® Ri) 


wey (e@th (ntt—-3 
=e Cis 


By Lemma 1.2 of [12], this sum is equal to Co) . ia) Similarly, by construc- 


tion dim Ker(0;(¢)) = dim (Ker(r) a im(6;)). By exactness of the Koszul complex, 


im(6;) = Ker(6,_1); combining this with Proposition 3.1.8: 
dim Tor!’(A, k)i41-1 = dim Ker(®,(¢)). 


Ze 


By the rank-nullity theorem, 


dim Tor?’(A, k)i4+-1 = dim im(6,) — rank, ©;(¢) 


Corollary 3.1.11. Adopt notation and hypotheses as in Setup 8.1.8. Then there is a 
nonempty open set U in the Grassmannian parametrizing all 1-dimensional subspaces 
of D.(V*) such that the Betti numbers of the k-algebra A = R/(0 :s(v) @) are the same 
for all [¢| in U (where |] denotes the class of the subspace spanned by ¢ € D.(V*)). 


Proof. Take the open subset U to be the set of all 1-dimensional subspaces [¢] of 
D(V*) such that ©;(¢) has maximal rank for each i = 2,...,n. 

We may identify the Grassmannian Gr(1, D.(V*)) with the projective space pe )-1 
so it suffices to show that the complement of U is the zero set of homogeneous poly- 
nomials in the variables p,... Pies), where [@] = [pi: ++: : Pres2)]) 

Let €g3 denote any standard basis element of A'V, so 8 = (G1,.-.,0:) with By < 
+++ < B;. Let m € S;(V) be any degree t monomial. We compute 

0;(¢)(m) = 2 (-1)eas, ® (Wes, )m) - 6, 
i= 
implying that the matrix representation of 0;(¢) has entries of the form +p,, for 
eal eee (eek where the basis chosen for \’~'! V @ D._-4-1(V*) consists of the tensor 
products of the standard basis for \’~'V and the monomial basis for D,_;1(V*). 

The complement of U is the union of the zero sets of the determinant of the above 

matrix representation for each 7 = 2,...,n, which is a homogeneous polynomial in 


the pe. As a finite union of closed sets, this set is closed. Thus U is an open set, and 


by Proposition 3.1.10, any [¢] € U gives rise to an ideal (0 :p ¢) whose Betti numbers 


are independent of the choice of @. 
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3.2. GENERIC BETTI NUMBERS FOR GRADE 3 GORENSTEIN IDEALS 


Definition 3.2.1. A standard graded Artinian algebra is level if its socle is concen- 


trated entirely in a single degree. 


Proposition 3.2.2 (|6], Proposition 3.6). Let R/I be a standard graded compressed 
level Artinian algebra of embedding dimension r, socle degree c, socle dimension m, 


and assume I has initial degree t. Then 


dim, Tor?(R/I,k)r4¢-1 — dim, Tor ,(R/I, k)as-1 = 
bSde tal fier ef e—t+r—t\ fe-tt+r 
fea ri rai i-1 


Proposition 3.2.3. Let R = k\x, y, z| be standard graded and I a homogeneous grade 
3 Gorenstein ideal with R/I compressed and Soc(R/1) = k(—2s+1) for some integer 
s. Then R/I has Betti table of the form 


0 1 y 3 
0 1 
s—1 s+1 b 
S b $1 
2s—1]|- . . 1 


where b is some integer. Moreover, b < s. 
Proof. Employ Proposition 3.2.2, where r = 3, c = 2s—1, m = 1, andt = s 
(= |(2s — 1)/2]; see Proposition 3.1.6). Using the notation 
T; := Tor®(R/I,k), 
we obtain 
dim(7i), =s+1 
dim(T>) 541 — dim(71) 541 =0 


dim(T) 542 =s+ 1. 


24 


Thus define b := dim,(7>),11. The final claim that b < s follows from the fact that 


the Betti table has the following decomposition into standard pure Betti diagrams: 


0 1 2 5) 
0 s+2 
b 
Xs+1?2—2 s—1 2(s+1)? 2(s+1)?-2 
s 
258" 1 8 
0 1 2 3 
0 1 
A ee eee Sed ClO 
(esl Pal pray || seme 
s : ; stl 
2s—1 it 
0 1 2 3 
0 S 
| b 
Gnip=o 
s - &s+1)?-2 2(s+1)? 
Je: 1, ||) : . S+2 


If b > s+1, then the middle coefficient of the above decomposition becomes negative, 


which is a contradiction to results of Boij-Sdderberg theory (see, for instance, |7, 


Theorem 2]). 


In the following, recall that the notation [¢] € Gr(1, D.(V*)) means the class of 


the subspace spanned by the element ¢ € D.(V*). 


Proposition 3.2.4. Let R = S(V) be standard graded, where V is a 3-dimensional 
vector space over a field k. If s is even, then there is a nonempty open set U in the 


Grassmannian parametrizing all 1-dimensional subspaces of D2,-1(V*) such that for 
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all [@] € U, I := (0 :g(v) @) has Betti table 


s—-l}]-. s4+l1 
S : : st+l1 
2s—1]|- . . 1 


If s is odd, then there is a nonempty open set U in the Grassmannian parametrizing 
all 1-dimensional subspaces of D2,-;(V*) such that for all [o]| € U, I := (0 :sivy ) 


has Betti table 


0 1 2 3 
0 1 
s—l stl ib 
Ss 1 s+l 
2s—1]- . . i] 


Proof. The goal is to find minimal values for b, where b is as in Proposition 3.2.3, 
since b is minimized precisely when the rank of 0;(¢) is maximized by Proposition 
3.1.10. To this end, we exhibit an explicit J for each s attaining the Betti table as in 
the statement and argue that no smaller values of b can be obtained. The matrices 
used below are those from Proposition 6.2 of [11] with minor alterations; in our case, 
some of the entries are squared. 

Choosing a basis for V, we may view S(V) as the standard graded polynomial 


ring klix, y, z]. Assume first that s is even. Consider the (s+ 1) x (s+ 1) alternating 


matrix 
0 x 20 Oo 
—7?2 0 y? wee 9% 
0 -y 0 0 
—27 0 0 


26 


To see the pattern more clearly, the first two matrices are 


Oy age 3? —-7 0 yr 2 QO 
AY =|-2? 0 yl, Ae’ =] 0 -y OO 2 0 
—z2 -y? 0 0 -22 -2 0 y? 


The ideal generated by the s x s Pfaffians has grade 3 according to section 6 of [11] (a 
much more explicit generating set is exhibited in Proposition 7.6 of [21]), and hence 


has minimal free resolution 
0 R(-2s +1) — R(-s — 2)**? = R(-s)**1 3 R. 


The above gives an ideal for which b = 0, and this is clearly the smallest possible. 


Similarly, if s is odd, consider the following (s + 2) x (s +2) matrix: 


0 2 0 0 z 
-7 0 ¥ ge 0 
0 -y 0 0 
—z 0 0 


O:- a 2 —-7 0 y 2 0 
Ae“@=|-2? 0 yl, HS“=| 0 -y? oO 2? O 
—z -y 0 0 —-22 -2? 0 y 


=2 0 0 -y O 
Again, the ideal generated by the submaximal Pfaffians is grade 3 Gorenstein with 
b = 1. Moreover, no smaller value of b can be achieved since otherwise the ideal 


would have an even number of minimal generators, which is impossible by work of 


Watanabe in [42] or Corollary 2.2 of [11]. 


at 


3.3 IDEALS DEFINING RINGS WITH SOCLE k(—s)* @ k(—2s + 1) 


Setup 3.3.1. Let k be a field and let R = k|x,y, z] be a standard graded polynomial 
ring over a field k. Let IC R be a grade 3 homogeneous ideal defining a compressed 
ring with Soc(R/I) = k(—s)’ 6 k(—2s +1), where s > 3. 

Write l= Nlgn-:-ALAL, for h,...,[¢ homogeneous grade 3 Gorenstein ideals 
defining rings with socle degrees s and I, a homogeneous grade 3 Gorenstein ideal 
defining a ring with socle degree 2s —1. The notation R, will denote the irrelevant 
ideal (Rso). 

Let F, denote the minimal free resolution of R/I, and let G, denote the Koszul 
complex induced by the map U = Re, ® Re, ® Re, — R sending e, +> x, ey 


Y, Ezz. 


Theorem 3.3.2. Adopt notation and hypotheses of Setup 3.3.1. Then the tipping 


point of I is equal to s. In particular, @< 8s +1. 
The proof of Theorem 3.3.2 will follow easily after a series of Lemmas. 


Lemma 3.3.3. Adopt notation and hypotheses of Setup 3.3.1. Then the tipping point 


of I is > s. 


Proof. Recall the notation of Setup 3.1.3; we may view R as S(V) for some 3- 
dimensional vector space over k. By counting initial degrees, we eliminate all pos- 
sibilities except for the case that ®,_; : S,;_1 > pe ® D, is an isomorphism and I 


has initial degree s. Counting ranks, this implies ?s = 1 — s < 0, which is a clear 


contradiction. 


Lemma 3.3.4. Adopt notation and hypotheses of Setup 3.3.1. Then I, defines a 


compressed ring. 


Proof. Recall the notation of Setup 3.1.3; we may view R as S(V) for some 3- 


dimensional vector space over k. Let 6; € D, denote the inverse system for each 
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I; and ¢, € D2g,1 denote the inverse system for J;. By Lemma 3.3.3, the maps ®; for 
i > s are surjective; Proposition 3.1.6 guarantees that the map f > f-¢; is surjective 
for f € S.. 

For i > s, the maps ®; : S; + Dpe,_1_; are identically the maps f HH f- & 


for f € S;. By assumption, these are surjections; by Proposition 3.1.6, J; defines a 


compressed ring. 


Lemma 3.3.5. Adopt notation and hypotheses of Setup 3.3.1. Then the tipping point 


of lis<st+l. 


Proof. Suppose for sake of contradiction that the tipping point is > s+ 2. Recall the 
notation of Setup 3.1.3; we may view R as S(V) for some 3-dimensional vector space 
over k. Let ¢; € D, denote the inverse system for each J; and ¢; € Do,-; denote the 
inverse system for J;. 


By Proposition 3.1.6, J; has tipping point s. If J has tipping point > s + 2, then 


®.41 : S511 + Dg_2 is injective; this is impossible by counting ranks. 


Lemma 3.3.6. Adopt notation and hypotheses of Setup 8.8.1. Let @1,.--,@s41,V1,---,W 
denote a minimal generating set for I, where deg ¢; = s, degy; = s +1. Then the 
ideal 


(Pipes Papi Vy rs) bBo po + Rada 


defines a ring of typei+1. In particular, (It)s541 defines a ring of type s + 2. 
Remark 3.3.7. By Proposition 3.2.3 combined with Lemma 3.3.4, J; is minimally 
generated by homogeneous forms @1,...,@s41, V1,---, Ws, where deg ¢; = s, deg vy; = 


s+1andb<s+1, so it makes sense to choose a generating set as in the statement 


of Lemma 3.3.6. 


Proof. This is a consequence of Corollary 2.2.6. Let J := (@1,..-,@s41-0, U1, ---;Wo)+ 


Ridsso-0t+-+:+Rids41. In the notation of Theorem 2.2.4, notice that G2 = K,, the 
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Koszul complex resolving R,, for all 7 = 1,...,2. Counting degrees on the diagram 
of Proposition 2.2.3, we find 


deg gg >s—1>0 


so that gi ® k = 0, for all j =1,...,%. Since q = 0 for each j = 1,...,2, Corollary 
2.2.6 implies that 


dim, Tor?’ (R/J, k) = rank F3 + S- rank Kk3 


j=l 


=i 


Proof of Theorem 38.8.2. By Lemmas 3.3.5 and 3.3.3, we only need to check that the 
tipping point cannot equal s+ 1. Assume that J has tipping point = s+ 1. This 


implies that the map 


®,: 9, > De® D,-1 


is an injection. Counting ranks, @+ (3) 2 (es 


; If we have equality, then ®, is an 


isomorphism, implying that the tipping point is < s. Thus there is strict inequality, 
and @>s84+2. 

This implies J has type > s +3 and initial degree s + 1. However, Lemma 3.3.4 
forces I; to be compressed. Counting ranks in each homogeneous component and 


using the definition of compressed, we must have I = (J;)s541. By Lemma 3.3.6, J 


has type s + 2; this contradiction yields the result. 


Corollary 3.3.8. Adopt notation and hypotheses of Setup 3.3.1. Then for eachi < 2, 
the ideal 


LN: ALNAE 


defines a compressed ring with socle k(—s)*' @ k(—2s +1). 
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Proof. Recall the notation of Setup 3.1.3; we may view R as S(V) for some 3- 
dimensional vector space over k. Let 6; € D, denote the inverse system for each 
I; and ¢; € D2,-; denote the inverse system for J;. 

For 7 < s, the map f +> f - @; is injective, since J; defines a compressed ring by 
Lemma 3.3.4. Similarly, for 7 > s, the map ®; : 5; > DY ® Dos-1-; associated to 
the ideal J is surjective. The map o, associated to the ideal J; N---N Ip 4; is the 


composition of ®; with the canonical projection De ® Dos-1-3 > De ® Dos-1-}. 


As a composition of surjections, P, is a surjection for 7 > s. 


Proposition 3.3.9. Adopt notation and hypotheses of Setup 38.3.1. Then there exists 


a minimal generating set 


Oly ad~5 Osis Vij reOe 


for I, such that 


P= (di, +, Ps4i—2, P15 +++, Po) + Re dspo-e $+ + Rydsqi, 


where deg ¢; = s, degy; =s+1, andb<s+l. 
Proof. Observe that, by definition of compressed, 


Choose a basis ¢1,...,@s+41-¢ for [,; notice that dim;(J;), = s+ 1, so we may extend 


this set to a basis 
1, see Os 


for (I). Since Is.41 = (t)ss41, there exist elements w1,...,W» € (Jt)s41 such that 


Te41 = (Ra (d1,---,6s41))s41 + Span, {V1, .--, Po}. 


In particular, the assumption that J defines a compressed ring forces every minimal 
generating set to be concentrated in two consecutive degrees. This immediately yields 


that 


T= (G1,---, Pst1-e, Pr,» Yo) + Re Gsyo-e + +++ + Re Gey. 
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3.4 TorR-ALGEBRA STRUCTURE 


Definition 3.4.1. Let (R,m,k) be a regular local ring with J C m? and ideal such 
that pdp(R/I) = 3. Let Ty := Tor#(R/I,k). Then R/I has Tor algebra class G(r) 


if, for m = p(L) and t = type(R/J), there exist bases for T,, T>, and T3 


Cis ieemy « Iiieetsdmbits, Ois2.406, 
respectively, such that the only nonzero products are given by 
efi=g= fier, 1eigr. 
Such a Tor algebra structure has 
T™-T,=0, rank,(T,-T>)=1, rank,(T>, -~ Hom,(T, T3)) = 1, 
where r > 2. 


Theorem 3.4.2 ({16], Theorem 2.4, Homogeneous version). Let R = klix, y, z| with 
the standard grading and let I C R%. be an Rs-primary homogeneous Gorenstein ideal 


minimally generated by elements $1,...,@2m41- Then the ideal 


J = (d1,---, 02m) + Ry am+i 
is a homogeneous R.-primary ideal and defines a ring of type 2. Moreover, 
(a) Ifm =1, then p(J) =5 and R/J is class B. 
(b) Ifm = 2, then one of the following holds: 


e (J) =4 and R/J is class H(3, 2) 
e (J) =5 and R/J is class B 


eu(J) € {6,7} and R/J is class G(r) with p(J) —2>r > p(J) —3 
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(c) Ifm > 3, then R/J is class G(r) with u(J) —2 >r > p(J) — 3. 
The proof of Theorem 3.4.3 is essentially that of [16, Theorem 2.4]. 


Theorem 3.4.3. Adopt the notation and hypotheses of Setup 3.3.1. Then the rank 


of the induced map 
6: Tor}(R/I,k) > Hom, (Tor!’(R/I, k), Tors(R/I, k)) 
is at least (1) — 32. 
Proof. Throughout the proof, use the notation 
TA := Tor? (A, k), 
where A is any R-module. Notice that by Proposition 3.3.9, 
I,/1 & ke. 


Considering the long exact sequence of Tor associated to the short exact sequence 


one counts ranks to find that 
R R R/It 
rank Tors (p,k) = w(Z) — 20, rank Hom; (Tor;'(p, k), 737°") = w(t) — 2. 


Consider the following commutative diagram: 


pele § R/It a 


—*;Hom,(T} 
Tor a] | toms (Tor? (p,k), ese 


1 = som 


] om a, Tor? (p,k)) 


TR R/I TRI) 


aus Hom, (7} 


Since J; is Gorenstein, 67, is an isomorphism. This implies that rank 6; > ranke > 


(u(1) — 20) — 2, which yields the result. 
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Corollary 3.4.4. Adopt the notation and hypotheses of Setup 8.38.1. If€< s—1, 


then R/I has Tor algebra class G(r) for some r > p(L) — 32. 


Proof. It suffices to show that, in the notation of the proof of Theorem 3.4.3, the map 
6; has rank at least 2 and 7, - 7, = 0. Since s > 3, a degree count shows 7{ - 7, = 0. 


By Corollary 2.2.6, 


q 
p(L) = w(,) + 2@ — rank : 1 @ ‘) 
qr 
qi 
Since u(J;) > s+ 1 and rank : 1@ | > 0, we deduce that 
qt 


rank(é;) >s+1—£22. 


Proposition 3.4.5. Adopt the notation and hypotheses of Setup 3.3.1. If@<s-—1, 
then R/I has Tor algebra class G(u(I) — 30). 


Proof. In the notation of the proof of Theorem 3.4.3, it suffices to show that 
rank 6; < pw(1) — 32. 


and that 7; - 7, = 0. Since s > 3, a degree count immediately yields that 7) - 7, = 0. 


Observe that dim, (T,"""), =s+1-—£, so that 
dim, (Te) ,41 = p(T) 8-142. 


Moreover, counting ranks on the degree s + 1 homogeneous strand of the long exact 


sequence of Tor associated to the short exact sequence 


iL Rk R 
Ca amd ai A 
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we obtain 


dime a4 = dim, (Te) 541 = 30 
=> dim, (Te )s41 = w(I) — s —1 — 28. 
Similarly, a rank count on the degree s + 2 strand yields 


dim, (Ts) 42 = $ +48. 


By counting degrees, the only nontrivial products can occur between ae. Ge yess 


and (ie) eae (as this implies that 


rank 6; < dim, (T;”), + dim (75 Vani 
=30=24+n(1)=s=1S20 


= p(1) — 32. 


Combining this with Corollary 3.4.4, we find that R/I must be class G(u(I) — 38). 


3.5 REALIZABILITY IN THE TYPE 2 CASE 


Adopt Setup 3.3.1 with ¢= 1. The ideal J; has Betti table arising from Proposition 
3.2.3 for some integer b < s+1 by Corollary 3.3.8. We may fit J into the short exact 


sequen;nce 


03> /I > R/I > R/I, > 0 


whence upon counting ranks on the graded strands of the long exact sequence of Tor, 
we deduce that dim, Tor!’(R/I,k)s41 < b+3. Since b < s, dim, Torf!(R/T, k)sii1 < 


s +3. Furthermore: 


Proposition 3.5.1. Let I be as in Setup 3.1.3 with @=1. Then dim, Tor}(R/I,k)si1 < 


s+ 2. 
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Proof. By counting ranks on the long exact sequence of Tor induced by the short 
exact sequence 


03/1 > R/I > R/T, > 0, 


we must have dim, Torf'(R/I;,k) 3.1 = 8, which is the maximum possible. By Propo- 


sition 3.3.9, J may be written 


[= (1,---,%s, P1,---> Ws) + Redes 


where ¢1,...,@s41,W1,---,;Ws is a minimal generating set for J;. Assume for sake of 
contradiction that dim, Tor{’(R/I, k),.1 = s+3; this means that the above generating 
set for J is minimal. Thus the resolution of Theorem 2.1.5 is a minimal free resolution 
for R/T. 

Adopt the notation of Theorem 2.1.5, where F, resolves R/J, and G, resolves 
k. Let us examine the map q; : Fy > G,. By counting degrees, one finds that 


q(F>) Z RyG, or that q, is identically the 0 map. Either case is a contradiction, so 


that rank,(q; ® k) > 1. 


We now exhibit a class of ideals defining compressed rings with top socle degree 
2s—1 and dim, Tor!’(R/I,k).41 = s+2, showing that the inequality of 3.5.1 is sharp. 


To do this, we first need some notation. 


Definition 3.5.2. Let U’, (for 7 < m) denote the m x m matrix with entries from 
the polynomial ring R = k|x, y, z] defined by: 
Us = a ee = ae UF —i42 = y? for t< J 
ae = 2, oceeeen = 4%, aan =yfori2)j 


and all other entries are defined to be 0. Define d/, := det(U?,). 
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To see the pattern, we have: 


O92 3 Oa? 2? 
ae 3g? 

Uz = ,Us=|22 2 y|,U3=|e z y 
ae 

z y O z y O 


Definition 3.5.3. Define V,’, (for 7 < _m) to be the (2m+1) x (2m+1) skew symmetric 


matrix 


O O,2 (U,)7 

Vi = | —(O,2)7 0 vO 

=O. =O. 

and if 7 =m, then V,"" is the skew symmetric matrix 

O Op (Uy 

VA:=|-(On)? 0 70) 

—U™ -(¥O)F O 

Observe that the ideal of pfaffians Pf(V,’) is a grade 3 Gorenstein ideal with graded 


Betti table 


0 if 2 3 
0 1 
2n—-—j-1]- 2m+1-j j 
2m —j . j am+1— 3 
4m—2j—-1]|- : : 1 


In particular, for any integer s, Pf(V) has Betti table 


0 1 2 3 
0 1 
s—l s+] Ss 
Ss 8 Sch 
2s —1 if 
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3.5.4. Given an n Xx n alternating matrix WM, the notation Pf(WZ) will denote the 


ideal of submaximal pfaffians of the matrix M. Similarly, 
(Pf(M)\P£(M)) 
is shorthand for the ideal 
(P£;(M) | 1<j<n, j 4%), 


where Pf;(1/) denotes the pfaffian of the matrix obtained by deleting the jth row 


and column of M. 


Setup 3.5.5. In the notation of Definition 3.5.3, the following is a minimal free 
resolution of Pf(V,): 


where d, is the row vector whose ith entry is the ith signed submaximal pfaffian of 
Vi. Observe that F, = @2™"" Re;. 
Let G, be the Koszul compler on U = Re, ® Re, ® Re, with map X : e, > a, 


ey > y, and e, +> Z. 


Proposition 3.5.6. Let s > 1 be an integer and R= ki\x,y, z], where k is any field. 
The ideal 
PS (EV) iV) Pa) 


~~ 


is minimally generated by 2s+2 elements and defines a compressed ring with Soc(R/I) = 


k(—s) @ k(—2s + 1) and Betti table 


0 Al 2 3 
0 1 
osah S gd 
s s+2 8s+4 1 
2s — 1 1 
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Proof. Adopt notation of Theorem 2.1.5 and Setup 3.5.5. Let F, denote the graded 
minimal free resolution of R/Pf(V2) as in Setup 3.5.5. Write Fy = Fi ® Resi. 
By definition of the matrix V3, the induced map dp : Ff — Re,41 sends ef 
—27 e544, e349 + yes41 and all other basis vectors to 0. 

Let q : FY — U be the map sending e} +> —2ez, e%,5 > ey, and all other basis 


vectors to 0. Then the following diagram commutes: 


In particular, rank;(q,@k) = 1. We do not have to compute the map q@ : F; > A?U, 


since a degree count tells us that gg ® k = 0. Employing Corollary 2.1.8 yields the 


result. 


Corollary 3.5.7. Adopt Setup 3.3.1 with @=1. Then I has Tor algebra class G(r) 


for somes<r<2s—1. 


Proof. Observe that s+ 3 < p(l) < 2s +2, where the upper bound follows from 


Proposition 3.5.1. The lower bound follows from Corollary 2.1.8, since 


u(L) = wh) +2 — rank, (qi @ k), 


and yu(J;) > s+1. A degree count shows that if [; has Betti table given by Proposition 


3.2.3, then rank;(q: ® k) < min{b,3}; this immediately yields the lower bound. 


Combining these bounds with Proposition 3.4.5, the result follows. 


A natural question arising from Corollary 3.5.7 is whether or not every possible r 
value may be obtained for a given s > 3, where J is obtained from Setup 3.1.3. The 


next proposition will allow us to answer in the affirmative: 


Proposition 3.5.8. Let s > 3 be an integer and R= k{x,y,z], where k is any field. 
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1. For1 <i< 8/2, the ideal 
T= (PAVE Y\ Phin Vou") + Re Phein(Vou) 
has Tor algebra class G(2s — 2%). 
2. For1<i< s/2, the ideal 
T= (PAV )\ Phi Vea") + By Phi Vea") 
has Tor algebra class G(2s — 2i — 1). 


Proof. Adopt notation and hypotheses as in Setup 3.5.5. In view of Corollary 2.1.8 
and Proposition 3.4.5, it suffices to compute the rank of the map q, : Fi — U as in 
Theorem 2.1.5 to find the minimal number of generators. 

We compute the map q; explicitly in each case. Write Fi = Fi ® Re,_isi, we 
see (recalling that 7 > 0) that the map do : Fi’ > U is defined by sending e%_; 
—27€s_i41, €s—it2 tO yes—i42 and all other basis vectors to 0. 


Take q, : F{ — U to be the map sending e%_, 


i Bea Sig yey, and all 
other basis vectors map to 0. Clearly gq; ® k = 0, whence the resolution of Theorem 
2.1.5 is minimal. In particular, (I) = 2s + 3 — 2%. 

For the second case, retain much of the notation as above. Decompose F\ = F/ ® 
Re; and observe that do : Ff > Rej+1 is the map sending e3,_; > vej41, €3,_744 
27:41, Cb5i49  Yyeisi, and all other basis vectors to 0. 


Take q, : FY — U to be the map sending e3,_; > Tez, €55_ 441 1% Zz, Cd5_j42 > Cy, 


and all other basis vectors to 0. In this case rank,(q1 ® k) = 1, whence p(J) = 


26+ 2— 24. 


Corollary 3.5.9. Let R= k[x,y,z| with the standard grading, where k is any field. 
Given any s > 3 and any r with s < r < 2s —1, there exists an ideal I with 
Soc(R/I) = k(—s) @ k(—2s + 1) and defining an Artinian compressed ring of Tor 


algebra class G(r). 
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Proof. Assume first that r is even and s <r < 2s — 1. Employ Proposition 3.5.8 on 
the ideal 
(P£Vi79°)\Phej2ri(Vijo")) + Ry Phyo (Vy72") 
Assume now that r is odd, with s <r < 2s —1. If r = 2s —1, use the ideal from 


Proposition 3.5.6. If r < 2s —1, apply Proposition 3.5.8 to the ideal 


(PE(Virt iy ja) \Phe—wrtayata(Veaije)) + RyPfe—wrayjor (Verio) 


Al 


CHAPTER 4 


APPLICATIONS TO DETERMINANTAL FACET IDEALS 


Let S = k[x; | 1<i<n, 1 <j < ml where k is any field, and M be a generic n x m 
matrix of indeterminates. The study of the ideal generated by all minors of a given size 
of M has a long history, and such ideals are well understood (see, for instance, [9]). In 
a similar vein, one can instead consider the ideal generated by some of the minors of 
a given size of M; these are known as determinantal facet ideals and were introduced 
by Ene, Herzog, Hibi, and Mohammadi in [23]. The study of determinantal facet 
ideals turns out to be much more subtle and has seen comparably less attention, even 
though such ideals arise naturally in algebraic statistics (see [18] and [29]). In [30], 
the linear strand of determinantal facet ideals is constructed in terms of a generalized 
Eagon-Northcott complex. In particular, the linear Betti numbers of such ideals may 
be computed in terms of the f-vector of an associated simplicial complex. 
Determinantal facet ideals for the case n = 2 were originally introduced as bino- 
mial edge ideals independently by Ohtani [36] and Herzog, et. al. [29]; this generalized 
work of Diaconis, Eisenbud, and Sturmfels in [18]. To study binomial edge ideals, one 
can associate each column of M with a vertex of a graph G, and one can associate 
a minor of M involving two columns i and j with an edge (7,7) in the graph. For 
example, the ideal generated by all maximal minors of a 2 x m matrix corresponds 
to a complete graph on m vertices. The relationship between homological invari- 
ants of ideals generated by some maximal minors of WM and combinatorial invariants 
of the associated graph G has been widely studied; see the survey paper [32] for a 


compilation of such results. determinantal facet ideals naturally extend this idea by 
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instead associating a pure simplicial complex A on m vertices to the ideal J, where 
each (n — 1)-dimensional facet of A corresponds to a maximal minor in the set of 
generators of Ja. Mohammadi and Rauh further generalized this notion to that of 
a determinantal hypergraph ideal, which associates a minor to each hyperedge of a 
graph, allowing for an ideal that is generated by minors of different sizes. 

In this chapter, we use trimming complexes to compute Betti tables of certain 
ideals of pfaffians and the previously mentioned determinantal facet ideals. The 
chapter is organized as follows. In Section 4.1, we show how to use the complex of 
Section 2.1 to resolve ideals generated by certain subsets of a minimal generating set 
of an arbitrary ideal J. As applications, we compute the Betti tables of the ideals 
obtained by removing a single generator from the ideal of submaximal pfaffians (see 
Proposition 4.1.4) and from the ideal of maximal minors of a generic n x m matrix M 
(see Theorem 4.1.15). In Section 4.2 we use the iterated trimming complex of Section 
2.2 to compute the Betti tables of ideals obtained by removing certain additional 
generators from the generating set of the ideal of maximal minors of a generic n x m 
matrix M. As an application, we are able to deduce pieces of the f-vector of the 


simplicial complex associated to certain classes of uniform clutters. 


4.1 Betti TABLES FOR IDEALS OBTAINED BY REMOVING A GENERATOR 
FROM GENERIC SUBMAXIMAL PFAFFIAN IDEALS AND IDEALS OF MAXIMAL 


MINORS 


In this section, we demonstrate how to use trimming complexes to compute the Betti 
table of the ideal generating by removing a single generator from a given generating 


set of an ideal J. 


Setup 4.1.1. Let R=klx,,...,%,] be a standard graded polynomial ring over a field 
k, with Ry := Ryo. Let I C R be a homogeneous R,-primary ideal and (Fy, d.) 


denote a homogeneous free resolution of R/I. 


43 


Write F, = F] ® Reo, where eo generates a free direct summand of F,. Using the 
isomorphism 


Homp(fo, F\) = Hom p( fo, F)) <p Homp(Fo, Reo) 


write dy = d,+do, where d, © Hompr(Fo, Fi), do € Homay(Fo, Rey). Let a denote a 
homogeneous ideal with 


do (F2) = deo, 


and (G.,m.) be a homogeneous free resolution of R/a. 
Use the notation K' := im(di|m : F[ > R), Ko := im(di|re, : Reo > R), and let 


J:=K'+a-Ko. 


Proposition 4.1.2. Adopt notation and hypotheses as in Setup 4.1.1. Then the 


resolution of Theorem 2.1.5 resolves K’. 


Proof. It will be shown that a = Kk’: Ko. Observe that K’ : Ko C a by Proposition 
2.1.2. Let r € a; by assumption, there exists f € F) such that do(f) = reo. Since Fy 
is a complex, di(reo) = —d;(d(f)), so that ro C K’. This yields that a= K': Ko. 


In particular, we find that akg C K’. The resolution of Theorem 2.1.5 resolves 


K'+ak,y = Kk’, so the result follows. 


Notation 4.1.3. Given a skew symmetric matrix X € M,(R), where R is some 
commutative ring, the notation Pf,(X) will denote the pfaffian of the matrix obtained 


by removing the jth row and column from X. 


Proposition 4.1.4. Let R= k[x;; |1<i< j <n] and let X denote a genericn x n 


skew symmetric matrix, with n > 7 odd. Given 1 <i<n, the ideal 


J = (PEA) L649) 
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has Betti table 


In the case where n = 5, the Betti table is 


0 12 3 4 
0) 1 
1;}- 4 1 
Dee ae, Ge ae ot 


Proof. In view of Corollary 2.1.8, it suffices to compute the ranks of the maps q;@k for 
all appropriate 2. Let F, denote the minimal free resolution of the ideal of submaximal 


pfaffians of X. Observe that Fy is of the form 


where d,; = (Pf\(X), —Pfo(X),...,(—1)"*'Pf,(X)) (see, for instance, [11]). Fix an 
integer 1 < € <n and let K’ := (Pf;(X) |i 4 2), Ko := (Pfe(X)). Observe that ¢th 
row of X generates the ideal 

(Gibieouetg) eS 1, 

(X10, +++) U0-1,0, Vee41,--- <Litee) ifl<fl< n, 


(Piers tnt) Sn: 
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Notice that this ideal is a complete intersection on n — 1 generators; in the notation 
of Setup 4.1.1, the ideal a is this complete intersection (so that ako C K’). Let G. 
denote the Koszul complex resolving a. 
Observe that for 2 > 3, 
Gi: Fit. =0 > Gi, 
so q; ® k = 0 for 2 > 3. By counting degrees, one finds gz ® k = 0. Finally, the map 


qi is simply the projection 
1:2 R"3G,=R™! 


onto the appropriate summands; this map has rank(q, ® k) = n — 1. Combining this 


information with Corollary 2.1.8 and Remark 2.1.9, for 7 > 4, 
—1 
dim, Tor}'(R/J,k) = (" i 
i 
For 1 = 3 and n 2 7, 
dim, Tors'(R/J) in45)/2 = rank G3 
fat 
ae ae 
dim, Tor?’(R/J)n = rank Fy 


= 1. 


For i = 3 and n = 5, observe that n = (n + 5)/2, so 


dim, Tor?’(R/J) = rank F; + rank G3 


n—-1 
=] =D, 


Finally, for 2 = 2 and n > 5, 


dim, Tors(R/J)m41y/2 = rank Fy — rank(q; ® k) 
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=n—(n-l1)=1 


dim, Tors'(R/J) n+3)/2 = rank Gp 


C5) 


Observe the difference between the Betti table of Proposition 4.1.4 and the classi- 
cal case of the ideal generated by all submaximal pfaffians of a generic skew symmetric 
matrix. In the latter case, this ideal is always a grade 3 Gorenstein ideal (in partic- 
ular, the projective dimension is 3). After removing a generator, one sees that the 
projective dimension can become arbitrarily large based on the size of the matrix X. 

Next, we want to compute the graded Betti numbers when removing a generator 
from an ideal of maximal minors of a generic n x m matrix. This case requires more 
work since the qe maps of Proposition 2.1.4 must be computed explicitly in order to 
compute the ranks. For convenience, we recall the definition of the Eagon-Northcott 


complex. 


Notation 4.1.5. Let V be a k-vector space, where k is any field. The notation \'V 
denotes the ith exterior power of V and D;(V) denotes the ith divided power of V 


(see [20, Section A2.4] for the definition of D;(V)). 


Definition 4.1.6. Let ¢: F — G be a homomorphism of free modules of ranks f 
and g, respectively, with f > g. Let cg be the image of ¢ under the isomorphism 
Homp(F, G) =, F* @G. The Eagon-Northcott complex is the complex 
f f-1 gt+1 g g 
0+ Dy_(G*) @ AF > DpyilG)® \ Fo. 3@ea\Fo\FofjG 
with differentials in homological degree > 2 induced by multiplication by the element 


cg € F* @G, and the map A’ F > AIG is AI ¢. 


AT 


Setup 4.1.7. Let R= k[x,;|1<icn,l<j<m and M = (a;)i<icnicj<m denote 
a genericn Xx m matrix, wheren <m. View M as a homomorphism M : F + G of 
free modules F and G of rank m and n, respectively. 

Let fi, i = 1,...,m, 93, 9 = 1,...,n denote the standard bases with respect to 


which M has the above matrix representation. Write 
AF=F'@Rf, 


for some free module F’, where o = (0, < ++: < On) is a fixed index set, and 
the notation f, denotes fo, \-+:/ fo, Recall that the Eagon-Northcott complex of 
Definition 4.1.6 resolves the quotient ring defined by I,(M), the ideal of nx n minors 
of M. 

We will consider the submodule of \"*’ F generated by all elements of the form 
for, where T= (11 <-+++ <7) andont=2. The notation f,,, denotes the element 
fo \ fr. If tT =(1 <-+++<™), let A, denote the determinant of the matrix formed 


by columns T1,...,T, of M. Then, in the notation of Setup 4.1.1, 
Kh Sthe) eS 2) 
and Ky = (A,). 
Observe that the Eagon-Northcott differential dj: G* @ A"*! F + A" F induces a 
homomorphism dy : G* @ \"*! F > Rf, by sending 
0; OTe > Milos 


and all other basis elements to 0. In the notation of Setup 4.1.1, 
a= (we cat beware jE). 


This means a is a complete intersection generated by n(m —n) elements, and hence 


is resolved by the Koszul complex. Moreover, aKy C K’. Let 


U= @® Rei 
l<i<n 
j¢o 
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with differential induced by the homomorphism m, :U — R sending e;; +> xj. If 


L = (i,j) is a 2-tuple, then the notation ey, will denote e;;. 
The proof of the following Proposition is a straightforward computation. 


Proposition 4.1.8. Adopt notation and hypotheses of Setup 4.1.7. Define q, : G* ® 
Y geny eae bl by sending g; ® ftj},.0 + ej and all other basis elements to 0. Then the 


following diagram commutes: 


G* Q AOE 
ae |e 
ee 


where dy : G* ® \"t! F + R is the composition 


do 


Gen KF Rf, ae 
and where the second map sends fz > 1. 


We will need the following definition before introducing the q; maps for 7 > 2. 


Definition 4.1.9. Let 7 = (%,...,7) be an indexing set of length @ with 7) <--- < 
Te. Let a = (a1,--- ,Q,), with a; > 0 for each 7. Define £,,, to be the subset of size 


é subsets of the cartesian product 
{i | a; #0} x7, 


where {(T1, 71); Sees (re, Te) t = Los if {2 | r% = jl = Qa). 


Observe that Ly, is empty unless a; +---+a, = @. 


Example 4.1.10. One easily computes: 


L£ (2,0,1),(1,2,3) = {{(3, 1, (1, 2), i 3)}, dee 1), (3, 2), (i 3)}, 8 1); ee 2), (3, 3)}t 


£ (2,0,2),(1,2,3,4) ={{(3, 1) ’ (3, 2) ’ (1, 3) ’ Ge 4)} ’ {(3, 1) ’ (a 2) ’ (3, 3) ’ (1; 4)} ) 
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{(1,1), (3,2), (3,3), 4}, {(8,D), (1,2), (3), 34)F, 
{(1,1), (3,2), 1,3), (3,4)}, (G1), 2), (8,3), 3. 4)3} 


Lemma 4.1.11. Let 7 = (11,...,7¢) be an indexing set of length € with T) < +++ < 7%. 
Let a = (a1,°*+,Qn), with a; > 0 for each i. Use the notation a’ := (a1,...,a; — 


Las ale Them ang lS Ly is contained in a unique element L € La. 


,T\T 


Proof. Given L’, take L := L' U (i, j,), ordered appropriately. Assume that L’ C L” 
for some other L” € £,,. It is easy to see that L”\L’ = (a,o,), where a is some 


integer. However, since a’ differs by a by 1 in the ith spot, a = 7, whence L = L” 


and L is unique. 


Lemma 4.1.12. Adopt notation and hypotheses of Setup 4.1.7. Define 
n+e L 
g@:D(G)eK\FoA\U, £22, 
by sending 


gi) a gh on) & ae > S Ely are CLg, 
ee 


where L,, is defined in Definition 4.1.9. All other basis elements are sent to 0. Then 


the following diagram commutes: 


D,(G*) Q Att pp, 4(C*) @ | hae FF 


a |e 


A‘U NOU, 


me 


Proof. We first compute the image of the element 
gh) eee gin) &® hea 
going clockwise about the diagram. We obtain: 


ey Hae: . *K(a& * a;—-1 KAn 
gh D) oedg’s ) OS) fees b> Se (-1) 24, 94 ON esge LSaght ) O fee 
{i]ai AO} 


1<j<e 
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ots S- (Dente vy or) as gion) @ eee 
{ila;40} 


1<j<n 


> Se 2 (—1)?*"2i,,er, A+ N€by_, 


{ila;#0} LEL 
1<j<e 


at r\r; 


where in the above, denote a’ := (aj,...,a; —1,...,Q,) and L; the ith entry of 


L€ La,r\7;- According to Lemma 4.1.11, 


3 ; p2 (—1)?*"tin,e1, A+++ A€r)_, 
AOre 0) E 
Mesed 


at sT\T5 


=> SS (-1)*az,er, A+++ AG, A+ Nery. 
1<j<l L€La,r 


Moving in the counterclockwise direction, we obtain: 
gh)... gtr) @ fF S- Chips 1 EE, 
Lease 


re So SS (Ht her,er, Av Ar; Av Nex, 
L€La,r 1<j<e 


Lemma 4.1.13. Adopt notation and hypotheses of Setup 4.1.7. Then the maps 


n+l L 


have rank(qe @k) = a) ‘ Ce) for all €=1,--- ,m—n+1 and rank(q@ @k) =0 


for all2=m—n+2,...,n(m—n). 


Remark 4.1.14. If we use the convention that (") = (0 for s > r, then the above says 


that rank(qe ® k) = CoA) : Gay for all € > 1. 
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Proof. First observe that since the Eagon-Northcott complex is 0 in homological 
degrees > m—n-4 2, it is immediate that qe = 0 for 2 > m—n-+2. For the first 


claim, this follows from the fact that for a 4 a’, 
Lek ‘a Lge = ©, 


which implies that the image of each element gi --- GF) @ fro € D(G*) @AF 
under qe has maximal rank (recall that these are the only elements with nonzero 


image). This rank is computed by counting all such basis elements; it is clear that 


m—-n 


; ) possible elements of the form f,,,, since o is a fixed index set of 


there are ( 


Gray 


Theorem 4.1.15. Adopt notation and hypotheses of Setup 4.1.7. IfT =(|%<-++:< 


length n. The rank of D;(G*) is Gare therefore we conclude that the rank of each 


qe is 


T™), let A, denote the determinant of the matrix formed by columns %,...,T7 of M. 
Then the ideal 

ee eee) 
has Betti table 


0 1 vee e + n(m—n)—1 n(m—n) 


naafe (aa (49 (Gat) - C2) 
4 : . Ler or) = (ar eS) wa n(m — n) 1 
Proof. We employ Corollary 2.1.8 and Remark 2.1.9. By selection, akiy C K’. Let 


E, denote the Eagon-Northcott complex as in Setup 4.1.7. For ¢ > 1, 


= 
ae (" 7 1 VC, a :): 
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Similarly, let kK, denote the Koszul complex resolving a as in Setup 4.1.7. Then 
rank Ky = aa te) 


Combining the information above with that of Lemma 4.1.13, Corollary 2.1.8, and 


Remark 2.1.9, we have: 


dim, Tor?'(R/K’', k)n4e = rank Ey — rank; (qe_1 ® k) 


us ears | Cove) ba eens | Ca 


dim; Tor? (R/K’, k)n+er1 = rank Kp — rank, (qe @ k) 


Coo) CENC 


This concludes the proof. 


4.2 Bett TABLES FOR A CLASS OF DETERMINANTAL FACET IDEALS 


In this section we consider the case for removing multiple generators from the ideal 
of maximal minors of a generic n x m matrix M. Such ideals belong to the class of 
ideals called determinantal facet ideals, which were studied in [23] and [30]. Graded 
Betti numbers for these ideals appearing in higher degrees have not been previously 
computed, even in simple cases. In Theorem 4.2.6, the graded Betti numbers of an 
infinite class of determinantal facet ideals defining quotient rings of regularity n + 1 
are computed explicitly in all degrees. In [80] the linear strand for such ideals is 
computed in terms of the f-vector of some associated simplicial complex. We use 
the linear strand of Theorem 4.2.6 to deduce the f-vector of the simplicial complex 
associated to an n-uniform clutter obtained by removing pairwise disjoint subsets 


from all n-subsets of [m] (see Corollary 4.2.14). 
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Setup 4.2.1. Let R= k[x,;|1<icn,l<j<m and M = (a;)i<icnicj<m denote 
a genericn xX m matrix, wheren <m. View M as a homomorphism M : F + G of 
free modules F and G of rank m and n, respectively. 

Fix indexing sets 0; = (aj, < +++ < Ojn) forj =1,...,r pairwise disjoint; that is, 
a,N0; = fori# j (this intersection is taken as sets). 

Let fi, fort =1,...,m, and g;, for j =1,...,n denote the standard bases with 


respect to which M has the above matrix representation. Write 
A\F=F'@Rf., 8::- ORfo, 


for some free module F", where the notation f,, denotes fz,, \-++ A fo,,- Recall that 
the Eagon-Northcott complex of Definition 4.1.6 resolves the quotient ring defined by 
[,(M). If t = (1 <-+++< ™), let A; denote the determinant of the matrix formed 


by columns T1,...,T, of M. Then, in the iterated version of Setup 4.1.1, 
eA Ss oa Ss gt) 


and Ki = (A,,). 
Observe that the Eagon-Northcott differential d, : G* @ \"t' F > A\™ F induces 
homomorphisms di: G* @ A\"*! F + Rf., by sending 


gj ® ees > Lioto;s 


and all other basis elements to 0. In the notation of Setup 4.1.1, this means we are 


considering the family of ideals 
a; = Coy Serene l ¢a;). 


For each j = 1,...,r, a; is a complete intersection generated by n(m —n) elements, 


and hence is resolved by the Koszul complex. Let 


U; = ‘<p Rep 


l<i<n 
lo; 
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with differential induced by the homomorphism mi :U; > R sending ey > xy. If 


L = (i,j) is a 2-tuple, then the notation e;, will denote e;;. 


Remark 4.2.2. The assumption 0; 0; = © for 1 ¢ j implies that, if we define 


K' := (A, |7 #9;, 3 =1,...,1), each Az, satisfies a;A,, C K’. This is significant 


since it allows us to use the resolution of Theorem 2.2.4. If the indexing sets were not 


pairwise disjoint, then we would have to apply Theorem 2.1.5 iteratively and compute 


the minimal presenting matrix at each step explicitly. 


Another way of saying that 0; 0; = @ is that the Alexander dual AY of A is 


totally disconnected. 


Proposition 4.2.3. Adopt notation and hypotheses of Setup 4.2.1. Define q : G* ® 


A"! F — U; by sending g? ® FtQ,0; > ee and all other basis elements to 0. 


the following diagram commutes: 


G* Q AO F 


q |e 
ue pene aj, 
where dy : G* ® \"t! F + R is the composition 
Gre hr n= Ry ee 

and where the second map sends fz, > 1. 
Proposition 4.2.4. Adopt notation and hypotheses of Setup 4.2.1. Define 

: nt+é L 

qg@: D(G)® \ F-> AU;, too: 

by sending 


go - gran) ® fees ae (=)? ~~ €L1 eed Le 
LeLa,r 
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Then 


where L,, is defined in Definition 4.1.9. All other basis elements are sent to 0. Then 


the following diagram commutes: 


D,(G*) Q Ant’ rp , Dy_1(G*) Q poker? F, 


Jj Jj 
Al [eu 


Ke U; her 1 U; 


ef) 
ky 


where m3 is the standard Koszul differential induced by the map m4, as in Setup 4.2.1. 


Lemma 4.2.5. Adopt notation and hypotheses of Setup 4.2.1. Then 


a 


7 mtl—-W\ Sy a(t) (min 
rank, : 1 @ | = ( ’ ey (") i —(i- cs 
Le 


Proof. For convenience, use the notation 


a 


rky := rank; : | @ ‘) 


rT 


de 
As already noted, Ly, 1 La,7 = S for a £ a’, so rky < are (Grays We want to 
count all elements 


gro) i  ghlon) @ fr 
such that there exists 1 < 7 <r with 
OF alg? --- gt) @ f,), 


taking into account the fact that some elements will have nonzero image under mul- 


tiple qi . Thus, we count all elements 
ge a - ghlon) @ fr 


such that the image under at least 7 distinct q is nonzero, then apply the inclusion 


exclusion principle. 
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It is easy to see that this set is obtained by choosing all indexing sets 7 with 
|7] =n+ 2 such that 7 = 0;, U---Uo,;, U7’ for some 7 and 7’ with r'N 0;, = @ for 
each s = 1,...,72. Fixing 7, there are (") unique choices for the union oj, U---Ua;,. 
For the indexing set 7’, there are m — in total choices of indices after removing all 
elements of the union oj, U---Uo,;,, and we are choosing 0+n—in=—(i-—1)n 


elements. Using the inclusion-exclusion principle, the total number of indexing sets 


eee ia) 


Multiplying by rank D;(G) and subtracting from co) (ere? we obtain the result. 


T as above is 


£ £ 


Theorem 4.2.6. Adopt notation and hypotheses as in Setup 4.2.1. Define 


n+l-1 = EW Es m—in 
ree (oe en) 


Ift =(1 <+++ <T), let A, denote the determinant of the matrix formed by columns 


T1,---;7 Of M. Then the ideal 
K':= (A, |7 #o;, 9 =1,...,7) 


has Betti table 


0 1 vee e + n(m—n)—-—1 n(m—n) 
0 1 
m—l)- (CR) —r (EG?) (neta) — rhs 
n — re (™”)) — ky + pen(m—n) r 


Proof. Let E, denote the Eagon-Northcott complex as in Setup 4.2.1. For @ > 1, 
n+€-—2 m 
k Ey = ; 
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Similarly, let KZ denote the Koszul complex resolving a; as in Setup 4.2.1. Then for 
each 7 = Latah. 

rank K} = ( 
Combining the information above with that of Lemma 4.2.5, Corollary 2.2.6, and the 


iterated version of Remark 2.1.9, we have: 


1 
e-1 
dim, Tor#(R/K’', k)n4e = rank Ey — rank; > 1 | 
de-1 
fire 2 m ue 
UN Besa: lg ae a 
U 
dim, Tor;'(R/K’, k)nter1 = >_ rank Kj — rank, :1®@ | 
j=l 
"a 


The following definitions assume familiarity of the reader with the language of 
simplicial complexes. For an introduction, see, for instance, Chapter 5 of [8]. Given 
a pure (n — 1)-dimensional simplicial complex A, the determinantal facet ideal Ja 
associated to A is generated by all maximal minors det(//,), where tT = (7) <-:: < 


™) € A is a facet of A. 


Definition 4.2.7. Let A bea simplicial complex. The f-vector (fo(A),..., faima(A)) 


is the sequence of integers with 


fi(A) = {ao € A| dimo = i}|. 
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Definition 4.2.8. A clutter C on the vertex set [n] := {1,...,n} is a collection of 
subsets of [n] such that no element of C' is contained in another. Any element of C' 
is called a circuit. If all circuits of C have the same cardinality m, then C is called 
an m-uniform clutter. 

If C is an m-uniform clutter, then a clique of C is a subset o of [n] such that each 


m-subset 7 of o is a circuit of C. 


Definition 4.2.9. Let M be a generic n x m matrix, with n < m. Given an n- 
uniform clutter C on the vertex set [mJ], associate to each circuit T = {j1,.--,Jn} 
with 7; < +--+ < jy the determinant det(/,) of the submatrix formed by columns 
Jive pda Ol IM. 

The ideal Jo := {det(M,) | 7 € C} is called the determinantal facet ideal associ- 
ated to C. 

Similarly, define the clique complex A(C) as the associated simplicial complex 


whose facets are the circuits of C. 
The following definition is introduced in [30]. 


Definition 4.2.10. Let ¢: F — G bea homomorphism of free modules of rank m and 
n, respectively. Let f1,..., fm and g1,.--,9n denote bases of F’ and G, respectively. 
Let A be a simplicial complex on the vertex set [m]. Then the generalized Eagon- 


Northcott complex C,(A; ¢) associated to A is the subcomplex 
0 > Cr_nsi rape ae > Cy; +> Co 


of the Eagon-Northcott complex with Co = A” G and Cp C Dy_1(G*) ® A“! F for 
¢ > 1 the submodule generated by all elements gi - -- gi") ® fz, where o € A and 


dingo = n+£—-2. 
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Remark 4.2.11. Notice that by definition of the f-vector in Definition 4.2.7 combined 


with Definition 4.2.10, for 2 > 1, 


n+l-—2 


rank C,(A; ¢) = ( e141 


)Jnas-a(A). 


Definition 4.2.12. Let F, be a minimal graded complex of free R-modules. The 
linear strand F!™ of F, is the complex with F}™ = degree i part of F;, and differentials 


induced by the differentials of Fy. 


The following result illustrates the connection between the complex of Definition 


4.2.10 and resolutions of determinantal facet ideals. 


Theorem 4.2.13. /30, Theorem 4.1] Let 6: F — G be a homomorphism of free 
modules of rank m and n, respectively. Let C be an n-uniform clutter on the vertex 
set |m| with associated simplicial complex A(C). Let Jo denote determinantal facet 


ideal associated to C, with minimal free resolution F,. Then, 
Fj" = C,(A(C); 9), 
where F' denotes the linear strand of the complex Fy. 


Corollary 4.2.14. Let C denote the n-uniform clutter on the vertex set |m| obtained 
by removing r pairwise disjoint elements from all n-subsets of |m]. Then for € > 1, 
m a ee as m—in 
n+e-2(A(C)) = —5\(-1)"*"7 
Proof. Let @: F — G be a generic homomorphism of free modules of rank m and 
n, respectively, and let Jc denote the determinantal facet ideal associated to C' with 


minimal free resolution F-,. By Theorem 4.2.6 with ¢ > 1, 


fin, 5 SO m Neuer 
ae -( p=4 M(t) -Ee9 (ee) 


Combining this with Theorem 4.2.13 and Remark 4.2.11, the result follows. 
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CHAPTER 5 
MINIMAL FREE RESOLUTIONS FOR CERTAIN CLASSES 


OF MONOMIAL IDEALS 


Let (R,m,k) denote a local ring. The computation of minimal free resolutions of 
arbitrary ideals J C R is a problem that remains open, even in relatively simple 
cases. In this chapter, we consider instead the class of monomial ideals; that is, ideals 
minimally generated by monomials. Such ideals seem to exist at the intersection of 
commutative algebra and combinatorics, and are hence the subject of a large body 
of research. 

In [38], Taylor constructed what is now called the Taylor resolution. This complex, 
aside from being a free resolution for any monomial ideal J, also possesses many other 
desirable properties. For instance, it always admits the structure of an associative 
differential graded (DG) algebra, and is cellular (see [5]). In general, however, this 
resolution is highly nonminimal. 

Kaplansky posed the problem of describing the minimal free resolution of a mono- 
mial ideal in a polynomial ring. In general, this has turned out to be a difficult 
problem. A large class of ideals for which an explicit minimal free resolution can 
be constructed is for so-called Borel-fixed ideals. This resolution was constructed in 
[22] and is now called the Eliahou-Kervaire resolution. This resolution, similar to the 
Taylor resolution, admits the structure of a DG algebra (see [37]) and is cellular (see 


[33]). Likewise, a squarefree analogue of the Eliahou-Kervaire resolution is considered 
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in [1], for which many of the properties of the standard Eliahou-Kervaire resolution 
remain valid. 

Monomial ideals are a class of ideals for which combinatorial techniques have also 
proved very effective for the computation of such minimal free resolutions. One can 
reduce the study of arbitrary monomial ideals to the study of squarefree monomial 
ideals via polarization; once this reduction is made, there is a standard one-to-one 
correspondence between squarefree monomial ideals J C k[x1,...,%,] and simplicial 
complexes A on n vertices. This perspective was introduced in [35] and is used to 
deduce homological information of a monomial ideal J based on the combinatorial 
data of A. An excellent survey of this perspective, along with a collection of the 
literature on the topic, may be found in [27]. 

Even more recently, the problem of a general minimal free resolution for all mono- 
mial ideals has been attacked in [19]. This fascinating construction relies heavily on 
extensive combinatorial machinery; as a result of its generality, the complex itself is 
not simple to construct, but has the advantage of being described almost entirely in 
a combinatorial fashion. 

In this chapter, we restrict ourselves to the case of equigenerated monomial 
ideals; that is, ideals generated in a single degree. A naive method of obtain- 
ing such ideals is to start with the ideal generated by all monomials of degree d, 
(11,.-.,2%n)? C k{ay,...,@n], and then delete some of the generators. The graded 
minimal free resolution of (a1,...,2n)4 is well known (see Proposition 5.1.3), and so 
one would only need machinery for which the Betti numbers after deleting generators 
could be deduced. This machinery is provided by iterated trimming complexes. 

This chapter is organized as follows. Section 5.1 introduces necessary background, 
conventions, and definitions. We then introduce background of Schur and Specht 
modules and two standard resolutions for both powers of complete intersections and 


the ideal generated by all squarefree monomials of a given degree in some polynomial 
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ring. In Section 5.2 we build so-called q;-maps for the aforementioned complexes to 
be used in the construction of trimming complexes. 

In Sections 5.3 and 5.4, we compute explicit Betti tables for certain classes of 
equigenerated monomial ideals. In particular, we produce a large class of (square- 
free) equigenerated monomial ideals with linear resolution. The definition of these 
ideals is phrased in terms of its so-called complementary ideal (see Definition 5.3.1. 
More precisely, we impose the condition that there are no linear syzygies on the com- 
plementary ideal; in this case, certain maps associated to the complexes introduced 
in Section 5.1 become much simpler. 

Finally, in Section 5.5, we use a result of Miller and Rahmati (see [34]) about 
splitting mapping cones to compute explicit minimal free resolutions for the ideals of 
Section 5.4 (see Theorem 5.5.8). In the case where these complexes are linear, the 
minimal free resolution is even simpler to describe: it is constructed as the kernel of 


a certain morphism of complexes (see Corollary 5.5.9 and Theorem 5.5.12). 


5.1 L-COMPLEXES AND RESOLUTIONS OF SQUAREFREE MONOMIALS 


The material up until Proposition 5.1.3, along with proofs, can be found in [10] 
or Section 2 of [21]. This first setup will be needed for the construction of the L- 


complexes of Buchsbaum and Eisenbud. 


Setup 5.1.1. Let F denote a free R-module of rank n, and S = S(F) the symmetric 


algebra on F with the standard grading. Define a complex 


nee her F &R ee ay F &R Sb ae ete 
where the maps Ka» are defined as the composition 


a a—1 
\F @r5)> \ F@rF @r 5 


a-1 


=> \ F @rR S544 
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where the first map is comultiplication in the exterior algebra and the second map is 


the standard module action (where we identify F = S\(F)). Define 
Li (F) := Ker Kap. 


Let: F + R be a morphism of R-modules with im(w) an ideal of grade n. Let 


Kos” : \' F + A’! F denote the standard Koszul differential; that is, the composition 
i i-1 
NAF >F Sr \ F  (comultiplication) 


i-1 


+ [\F (module action) 


Definition 5.1.2. Adopt notation and hypotheses of Setup 5.1.1. Define the complex 


Kos’ @1 Kos’ @1 Sp(w) 


L(b,b): 0 1? R 0 


where Kos” @1 : L¢(F) > L¢7' is induced by making the following diagram commute: 


Kos” @1 


MF @S,(F) A°' F @ S(F) 


| 


a Kos” @1 a— 
LiF) > Ly ‘(F) 


Proposition 5.1.3. Let ~: F + R be a map from a free module F' of rank n such 
that the image im(w) is a grade n ideal. Then the complex L(w,b) of Definition 5.1.2 


is a minimal free resolution of R/im(w)? 


We also have (see Proposition 2.5(c) of [10]) 


4 n+b—1\/fa+b-1 
rane £5(F) = ( feel )( : ) 


Moreover, using the notation and language of Chapter 2 of [44], L#(F’) is the Schur 


module L(q41,15-1)(f’). This allows us to identify a standard basis for such modules. 


Notation 5.1.4. We use the English convention for partition diagrams. That is, the 


partition (3, 2,2) corresponds to the diagram 
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A Young tableau is standard if it is strictly increasing in both the columns and rows. 
It is semistandard if it is strictly increasing in the columns and nondecreasing in the 


TOWS. 


Proposition 5.1.5. Adopt notation and hypotheses as in Setup 5.1.1. Then a basis 


for Li(F) is represented by all Young tableaux of the form 


40° | Jae * ema 


4 


with Ig <+++ < tq and 19 < jr S +++ KS Jy-1. 


Proof. See Proposition 2.1.4 of [44] for a more general statement. 


Remark 5.1.6. Adopt notation and hypotheses of Setup 5.1.1. Let F’ have basis 
fi,---;fn- In the statement of Proposition 5.1.5, we think of the tableau as repre- 


senting the element 


Cenc Leen Des N bee, ed fin a Tica) S AF® So(F’). 


We will often write fi, A---A fia, © fi, -+: fix, € LEC), with the understanding 
that we are identifying L¢(F) with the cokernel of Kato5-2 : A°'? F @ Sp-2(F) > 
NF @ Sp): 

Next, we give a brief introduction of Specht modules and define the complex 
constructed by Galetto in [25]. The construction of Specht modules used here may 
be considered the dual construction, as in 7.4 of [24]. Instead of the more standard 
presentation using row tabloids, the Specht modules here are constructed as the 


quotient of all column tabloids by the so-called straightening relations. 


Definition 5.1.7. Let be a partition and k a field. A column tabloid [T] is an 


equivalence class of a tableau JT’ modulo alternating columns. 
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Let M°* denote the formal span of all column tabloids of shape \. Define the map 
1 ;,~ : M* + M% by sending [T] > S{[S], where the sum is over all tableau S' obtained 
from T by exchanging the top k elements of the (j + 1)st column with the k elements 
in the 7th column of 7’, while preserving the vertical order of each set of k elements. 
Let « = A’ denote the transpose partition. Then the maps 7; are defined for 
l<jg<Ar-11<k KX pjyi. Define the submodule Q* Cc M* to be the subspace 


spanned by all elements of the form 
[T] — m4((7]), 
where 7, k vary as above. 


Then, with notation as above, define the Specht module S* to be the quotient 
M*/Q. 
Definition 5.1.8. Let d < n be integers. Define 
OP Tide ean (Se Oe) 
= Go(seM ager) 
where the direct sum is taken over all coset representatives for Sai; X Sn—a-i- 


Definition 5.1.9. Let R = k[x1,..., xv] where k is a field. Let 1 < d < n and 


1<i<n-—d+l. Define 
Fe" = US" @, R(-d—i+1), 


where us is as in Definition 5.1.8. Given any Tableau 7, define the differential 


OP" ((T]) = YO(-1) Fea, [T\a), 


j=0 


where 


a, | by | ++ |ba-1 


ag 


a; 
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and i > 1. When 7 = 1, define 


dn{} @1 by | +++ |ba-1 
0; = La Lb, °° * Lbq_1: 


Let F%” denote the complex 


r oe : gan 5 aan 
yn n—d+ 2 nl 
0 aes jenny 


Theorem 5.1.10 ([25], Theorem 4.11). Let n and d be integers with 1 <d <n. 
Then the complex F“” of Definition 5.1.9 is a S,-equivariant minimal free resolution 


of quotient ring defined by the ideal generated by all squarefree monomials of degree 


din R. 


Notation 5.1.11. Adopt notation as in Definition 5.1.9. To the tabloid |T] we will 


associate a formal basis element 


[eo rag fas er TCO Th tee aps a 


where the notation is meant to mimic the notation used for the modules L',. This 
should cause no confusion, since the straightening relations/tabloid properties are 
directly compatible with the straightening relations for L', and the exterior/symmetric 


algebra relations. 


5.2. q; MAPS FOR CERTAIN SCHUR AND SPECHT MODULES 


In this section, we construct the maps of Proposition 2.2.3 in the case where the 
relevant modules are Schur and Specht modules, and they are being mapped to a 
Koszul complex. These maps are essential for the rest of the chapter, as they are the 
building blocks employed for the iterated trimming complex construction. At the end 
of this section, we also take the opportunity to compute certain colon ideals; these 
colons will be used in later sections in order to count rank and deduce higher strands 


appearing in the minimal free resolutions of the ideals of interest. 
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Notation 5.2.1. Let R be a commutative ring. Let F be a free R-module of rank n 
with basis fi,..., fn and let £, b be integers. Fix indexing sets J = (ji,...,Je) with 
1 ee 9p Gnd & = (Cig 15 Oy) with as 0 for each = Tw Hi, la — 

The notation f; denotes fj, \---A fi, € A‘ F, the notation f’ denotes Pit Fig S 


So(F), and the notation f° denotes fp'--- for € Sy(F). 


Definition 5.2.2. Let R be a commutative ring. Let F' be a free R-module of rank 
n with basis fi,..., f, and let @, b be integers. Fix indexing sets J = (j1,...,j¢) with 
ji <c++ < je and a = (a4,...,Qn) with a; > 0 for each i = 1,...,n, |a| = b. Define 
the maps ¢7° : Ai’ F @S,(F) > A’ F via 
a ji JEL eS and. b= @ 
O GreaT)= 
0 otherwise 
Observation 5.2.3. Adopt notation and hypotheses as in Definition 5.2.2. Let w : 
F — R bea homomorphism of R-modules, and Kos’ : \' F > At"! F the induced 


Koszul differential. Then the following diagram commutes: 


Kos” @1 


[st ets 


ae ae 
Moreover, for all i > 1, o? induces the commutative diagram 
; Kos’ @1 7 j— 
Li(FY ASL \(F) 


Jia J,a 
9; [ets 


AiF Kos” Aint EF. 


where Li(F) is as in Setup 5.1.1. More precisely, this map is realized as: 


sen(i)fn; ifieT, Brea=a 
OF (Kept e—a(fr Sf) = . 


0 otherwise 
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Definition 5.2.4. Let R be a commutative ring. Let F' be a free R-module of rank 
m with basis fi,..., fm and let 2, d be integers. Fix indexing sets J = (j1,...,Je) 
with 7, <--- < je and J = (t,...,%4) with 4) < +--+ < ig. Let: F — R bean 


R-module homomorphism and 


bios Dip 
Pe ao 1 ‘d—1 


ay 


ag 


a standard tableau with ag < --- < ap and b; < --- < bg_;. Define maps 
e 
wet: SA) 5 NF 
on the equivalence class of the column tabloid [T] € S (a,1") by setting 


SEN(Ai) frag,..,s.apy Uf T= {h1,..., dai} U {ai} for some 0 <i< ¢ 
" ((z1) = Bnd: fap ye0ss Giese gdp Cd, 
0 otherwise. 


Observe that this is well defined since the above definition is compatible with the 


shuffling relations on S (a1), Moreover, extending by linearity, this induces a map 
l 
op): Fp? 3 AU 


making the following diagram commute: 


gen d 
¢ 
eres a 


d, 
By 
n° [es 
NF Kos® Note. 


where Fi” and 0?" are as in Definition 5.1.9 and Kos” denotes the induced Koszul 


differential. 
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Proposition 5.2.5. Adopt notation and hypotheses as in Setup 2.2.1, and assume 
that di(F>) = aie). Then the ideals a; C R do not depend on the choice of differential 
dy. 


Proof. Assume for simplicity that m = 1. Then we will prove a slightly stronger 
statement; namely, a; = (K’: Kj). The containment a; C (K’: KQ) is trivial, so let 
r € (K': Kg). Assume rank FY = f’ and let e1,...,e/- denote a basis for FY. 


By definition, there exist elements r; € R such that 
ridi(e1) +--+ + rpdi(ep) = rdi(eq), 


=> di(rier +--- + rye — reg) = 0. 


However, by the assumption on aj, this implies r € a, as desired. 


Notation 5.2.6. Let R = kixj,...,2n], where k is any field. If a = (a1,...,Qn), 
then the notation x° denotes x}! ---x°". Given such ana, define |a| := ay+-+-+Qn. 
If J = {jr < +++ < jn}, then the notation x! will denote x;,--+x;,. Given such a J, 
define |J| =n, the cardinality of J. 


The notation €; will denote the vector with a1 in the ith entry and 0’s elsewhere. 
The following Propositions are immediate. 


Proposition 5.2.7. Let R = k[x1,...,%»| where k is any field and let a = (ay1,..., Qn) 


be an exponent vector with ja| =d. If K':= (x° | |6|=d, 8B 4a), then 


’ (Biers Ciiocety) WYaHde jersomel .t< 7 
(EOE = 
(Qin oe ee) otherwise. 


Proposition 5.2.8. Let R = kla,...,%n] where k is any field and let J = {j1 < 
ne ave Tf KR s= (et | thd, FAY) ihen 


CK so!) See ea 
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5.3 gq; MAPS FOR THE COMPLEXES L(w,b) AND FY” 


We can now use the maps constructed in Section 5.2 to find the Betti tables for 
resolving certain subsets of the standard generating sets for powers of the maximal 
ideal and all squarefree monomials of a given degree. Our first goal is to compute 
the ranks of the maps $7" of Definition 5.2.2 and W?” of Definition 5.1.7. We begin 
with some definitions and notation related to monomial ideals which will be in play 


for the rest of the chapter. 


Definition 5.3.1. Let R= k{x1,...,x,] be a standard graded polynomial ring over 
a field k. Let K denote an equigenerated monomial ideal with generators in degree 


d. Define 
G(x) := unique minimal generating set of K consisting of monic monomials. 


Given a monomial ideal K’, define the (squarefree) complementary ideal K to be the 


ideal with minimal generating set: 


K) {degree d squarefree monomials}\G() if K squarefree, 
Gk) = 


{degree d monomials}\G(K) otherwise. 
The following setup will be used for constructing the Betti table/minimal free 


resolution when the monomial ideals of interest are not squarefree. 


Setup 5.3.2. Let R=k|x1,...,2,| where k is a field and let F = @*_, Re; be a free 
module of rank n with map w: F > R sending e; » x;. Let d > 1 denote any integer 
and L(w,d) the complex of Definition 5.1.2. Fix an exponent vector a = (Q1,...,Qn) 
with |a| = d. Let 


Oj4i Re; ifa= de 


F otherwise, 


with map w:U + R defined by sending e; > x;. 
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Let oy LF) > AU for1<¢<n be the maps of Definition 5.2.2, where 


[n]\{i} tifa =de; 
[n] otherwise. 


The following notation will be convenient in many of the ensuing computations: 


Notation 5.3.3. Adopt notation and hypotheses of Setup 5.3.2. Let Supp(a) = {i | 
a; > 0} and define 

Noe := | Supp(@)| 
Proposition 5.3.4. Adopt notation and hypotheses of Setup 5.8.2 with a = de; for 
some l<ic<n. The maps 6)° : L5(F) > A'U are surjective for alll <€<n—1. 


In particular, 


rank($}'* @ k) = (" i; ; 


Proof. Let J C I with J = (j1,..., jc). It suffices to show that e, is in the image of 


,'“* for any choice of J. Order the set J U {i} so that 
JiR Da LS Dieta Oe: 
This is possible since 7 ¢ J by construction of the free module U. Then, by definition, 


of" (exuEs @ ef") = sgn(i)ey. 


Corollary 5.3.5. Adopt notation and hypotheses of Setup 5.3.2 with a = de; for 
some 1 <i<n. Let K' be an equigenerated momomial ideal with K' = (x%). Then, 


7 


R/K' has Betti table 


dale (HP) CDESC) CISD 


2 


In particular, R/K' has projective dimension n with linear resolution and defines a 

ring of type Gv —1. 

Proposition 5.3.6. Adopt notation and hypotheses of Setup 5.3.2. Then the maps 
rs LSP) > A°U are such that 


bs n n— Ne 
rank(¢}’* @ k) = (") = (ee) 
FOr Gul oe. 


Proof. We shall enumerate a subset of bases whose images under on form a linearly 
independent set, then show that the image of any other standard basis element lies in 
the image spanned by this set. Counting the size of this set will then yield the rank. 

To this end, enumerate the set {7 | a; > 0} = {ki,..., kn, }, where ky < +--+ < kn,. 


Consider the set S' consisting of all standard basis elements of the form 
C{k1,....ke}Us! @ €° “*s, 
in L¢(F) with s < ng, |J’| = 2-5 +1. By definition, 


Ia sen(ks)ey Pe= 4 
Py (Cicer ®& er ths) = 


sen(ks)€fey,..,ke-1}us’ Otherwise. 


The collection of all basis elements as above, where 1 < s < ng, is evidently a linearly 
independent set since it is an irredundant subset of a basis for \‘U. 

Let 1 < r < nq and consider any standard basis element of the form e;%,;Uuy7 ® 
er, Let t := min{s | k, € J}. Assume first that t > 1; by definition of t, 
{k1,...,kt-1} C J’, so we may write J’ = {ki,...,k:-1}U J” for some J”. Then, 
¢°*(sen(ky Jere, jus" @ e% kr) = of (— sgn(ke)e¢hy,...,ke}us” @ e* *), 
and the element on the right is the image of an element of S. Likewise, if t = 1, then 


or" (sen(kr ern, pus" & er he) = or(— sen(k1)ece jus @ err), 
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and again the element on the right is the image of an element of S. Thus, counting 
the cardinality of S, we see that this is counting all possible indexing sets J’ with 


|J’|) =€-—s+land J’ {k,...,k.} = 9, for 1 < s < ng. It is a trivial counting 


o> bash > fran 


i=1 i=1 


exercise to see 

and one can moreover check that 
3 n—-7t _{n\ (n-ne 
=\n-¢l-1) \e ba} 


The following is an immediate result of Proposition 5.3.6 combined with Corollary 


22505 


Corollary 5.3.7. Adopt notation and hypotheses as in Setup 5.3.2. Let K' be an 


equigenerated momomial ideal with K’ = (x%). Then, R/K' has Betti table 


0 1 i t ee ‘ 
0 1 
dale (OP) = CES (A) (ER) CE 
a : : oe Ce) ae 1 


The following result in the case of an Artinian ideal is a statement about the 
non-cyclicity of the associated inverse system; this behavior is highly dependent on 
the chosen generating set. For instance, choosing instead the generating set to be the 
maximal minors of the associated Sylvester matrix for (x1,...,2p)?, it is not hard 
to see that removing the generator 712, will yield a grade n Gorenstein ideal for all 


n> 2. 


Corollary 5.3.8. Adopt notation and hypotheses of Setup 5.3.2. Let K' be an 
equigenerated momomial ideal generated in degree d > 2 with K’ = (x%). Then, 


R/K' is Gorenstein if and only ifn = d= 2, in which case K' = (x7, x3). 
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Proof. By Gorenstein duality, it is immediate that if K’ is Gorenstein, then d = 2. 


This implies that for any choice of a, na < 2. Moreover, using the Betti table of 


Corollary 5.3.7, K’ defines a ring of type n —ng +1 >n-—1, whence n= 2. 


Next, we adopt the following setup. This setup is the squarefree analog of Setup 
5.3.2, and will instead be used to compute the Betti table/minimal free resolution 


when the ideals of interest are squarefree. 


Setup 5.3.9. Let R= kx1,...,2,| where k is a field and let F£" denote the complex 
of Definition 5.1.9. Fix an indexing set I = (t1,...,%a) and let U = @jgr Re; with 
map w:U —+ R defined by sending e; > x;. 

Let wee , Re + AU forl1<€<n-—d be the maps of Definition 5.2.4, where 


I° = [n]\I. 


Proposition 5.3.10. Adopt notation and hypotheses as in Setup 5.3.9. The maps 


wp: FE" + AU are surjective for alll < €<n—d. In particular, 


rank(7} @ k) = e r ") 


Proof. Let J Cc I° be any indexing set with J = (j1,..., Jc). It suffices to show that 
the basis element e,; € A‘ U is in the image of we 


Order the set JU {i1}, so that 
Jia p< Ja So pe 


for some k < ¢. Then, observe that the hook tableau with JU {i;} ordered appropri- 


ately in the first column and (ig,...,7q) along the first row has image sgn(7,)e,. 
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Corollary 5.3.11. Adopt notation and hypotheses as in Setup 5.3.9. Let K' be a 


squarefree equigenerated momomial ideal with K' = (x'). Then, R/K' 


Gr ee Y ae ee 


0 1 


OO) em Ca 2 Ms 
In particular, R/K' has projective dimension n — d+ 1 with linear resolution and 


defines a ring of type i — 1. 


5.4 Betti TABLES FOR CERTAIN CLASSES OF EQUIGENERATED MONOMIAL 


IDEALS 


This section is an iterated version of Section 5.3; that is, we consider the iterated 
trimming complex associated to the maps constructed in the previous section. It turns 
out that under sufficient hypotheses, these maps stay well-behvaed when removing 
multiple generators at a time. The following setup is similar to Setup 5.3.2, but with 


more data to keep track of: 


Setup 5.4.1. Let R=k|x,...,2,] where k is a field and let F = @?_, Re; be a free 
module of rank n with map w: F > R sending e; + x;. Let d > 1 denote any integer 
and L(w,d) the complex of Definition 5.1.2. Fix exponent vectors a® = (aj,...,a%) 


with |a*| =d forl<s<r. Assume that for all s £ t, deg lem(a® , x) > d+2. Let 


@;4: Re; ifa® = de; 


s 


F otherwise, 
with map wy :U, + R induced by sending e; > a;. 


Let ope »LA(F) + \'U for1<€<n be the maps of Definition 5.2.2, where 
[n]\{7} ifa® = de; 


[n] otherwise. 
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Observation 5.4.2. Adopt notation and hypotheses as in Setup 5.4.1. Let A’ be an 


equigenerated momomial ideal with K’ = (x®',..., x’) and let 
(iialatns Deady) a =e 
as = 
(Pigtc ae) otherwise 


Then a,x® C K’ foralll<s<r. 


Proof. Suppose for sake of contradiction that the containment a,x7% ¢ K' for some 
l<t<r. Let 


Ky = (2° | || =d, B # a}, 


and observe that (K, : x°’) = a; by Proposition 5.2.7. This means that for some 


s#t,a,-v% =x;-x°', contradicting the LCM hypothesis on each a‘. 
j 


Remark 5.4.3. In the notation of the statement of Observation 5.4.2, this is saying 
that the construction of Theorem 2.2.4 applied to the ideals a,, for 1 << s <r, yields 
a resolution of R/K’. 

The following Proposition makes precise the previously mentioned fact that the 


maps of Definition 5.2.2 are “well-behaved" when removing multiple generators. 


Proposition 5.4.4. Adopt notation and hypotheses as in Setup 5.4.1. Enumerate the 


set Supp(a) = {kj,..., kn} with ki <-+-< ke. Then for allt As and p < nos, 
pha (€fns,....kg}UL! &® ew *k5 ) — 0. 


Proof. Suppose for sake of contradiction that there exists some t ~£ s and 1 <p < ngs 
such that 

PP (efte, keg }UI! © ee) # 0. 
This is possible if and only if there exists q € {kj,...,k3}U J’ such that af = 


a’ — €xs + €g. This implies that a’ — a* = €, — es, which is a clear contradiction to 


the LCM hypothesis on each a’*. 


ws 


Corollary 5.4.5. Adopt notation and hypotheses as in Setup 5.4.1. Then, 
oe" 


I2,0? 7 
rank $ ® | = \“rank(¢7" @ k). 
: s=1 


or 
Corollary 5.4.6. Adopt notation and hypotheses as in Setup 5.4.1. Define rke := 


yy?_, rank(¢}°"° @k). Let K' be an equigenerated momomial ideal with K’ = (x, ...,x°"). 


Then R/K' has Betti table 


0 1 vee e mal om 
0 1 
BT a ert See a a waits oe cae) ee 
d : : --»  So_yrankA’U,—rky --- r 


As a special case of the above, we can compute the Betti table of an equigenerated 
monomial ideal whose complementary ideal consists only of pure powers. 
Corollary 5.4.7. Adopt notation and hypotheses as in Setup 5.4.1 and let B = {k, < 
--- <k,}. Let K' be an equigenerated momomial ideal with K' = (af,,..., x4). Then 


R/K' has Betti table 


0 1 “es ti ie “padb4 


0 1 


n+d-1 n+d—1\ (d+é—-2 n-1 n+d—2 
d—1)- ( d jar a ( e+d )( é-1 ) =0(5) cae ( n-1 ) _ 
In particular, R/K' has projective dimension n with linear resolution and defines a 
ring of type eae, —r. 
The rest of this section is just the squarefree analog of the first half of this section. 
It turns out that the squarefree case is, in some sense, much simpler than the non- 


squarefree case. We will see that these ideals always have a linear minimal free 
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resolution. We will first need to adopt the following setup, which the reader should 


take as the squarefree analog of Setup 5.4.1. 


Setup 5.4.8. Let R= k{x1,...,2»| where k is a field and let F£" denote the complex 
of Definition 5.1.9. Fix indexing sets I; = (ij1,..-,4;a) for 1 <7 <1 with the property 
that |; Ij] <d—2 for alli A j. Let U; = Begs, Ree with map yp: U; > R defined 
by sending e¢ +> Xp. 


Let be : Bee Ee U,; for 1 <l<n-—d be the maps of Definition 5.2.4, where 


Observe that the proof of the following is essentially identical to that of Observa- 


tion 5.4.2, where we employ Proposition 5.2.8 instead. 


Observation 5.4.9. Adopt notation and hypotheses as in Setup 5.4.8. Let K’ be a 


squarefree equigenerated momomial ideal with A’ = (x",...,2/") and let 
as:= (2; |5¢1) (<8 <r). 
Then a,v’* C K’' for alll <s <r. 


In a similar manner, the proof of the following Proposition is essentially identical 


to that of Proposition 5.4.4. 


Proposition 5.4.10. Adopt notation and hypotheses as in Setup 5.4.8. Then for all 


t#s andp<d, 


geeey 


Corollary 5.4.11. Adopt notation and hypotheses as in Setup 5.4.8. Then, 


vn 
pin " 
rank : ® | =e rank(24°"" @ k). 
: s=1 
I,,I2 


£ 
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Corollary 5.4.12. Adopt notation and hypotheses as in Setup 5.4.8. Let K' be a 
squarefree equigenerated momomial ideal with K’ = (a",...,a'"). Then R/K' has 


Betti table 


OG  <ks Yi ee rod fol 


GaN (ae) aie es) eae 
In particular, R/K' has projective dimension n — d+ 1 with linear resolution and 


defines a ring of type (a —1r. 


5.5 EXpLicIr MINIMAL FREE RESOLUTIONS 


In this section we produce the explicit minimal free resolutions of all of the ideals 
considered in Section 5.4. In particular, for the cases where the resolutions were lin- 
ear, these resolutions may be obtained by simply taking the kernel of the morphisms 
of complexes constructed in the previous sections. The proofs of these results are 
based on the following more general theorem, which describes how to extract “min- 
imal" summands of mapping cones of complexes when the associated morphism of 
complexes is split. This first result is a specialized version of a result by Miller and 


Rahmati (see [384, Proposition 2.1]) 


Theorem 5.5.1. Consider the morphism of complexes 


Fy raat Fo (5.5.1) 
| | 6 
Mr+1 en Mrz m2 Gs: my R 


For each k > 0, let 


Ax := Ker qx, Cy := Coker q,, and By, := im qx, 
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and assume that the short exact sequences 
0-> A, > Fy — By 0, and 


are split, with Cy = 0. Then the mapping cone of 5.5.1 is the direct sum of a split 


exact complex and the following complez: 


where 


by = (a, 0.) ’ 


and Ox, : Cy — Ap_g ts the composition 
inclusion, 
Op =, 
m 
rapped 
projection 
Bri 
inclusion, 
———> Fr-1 


dy 
pace Py 


projection 
momen © Cl) 


Remark 5.5.2. In the statement of Theorem 5.5.1, it is understood that the differen- 
tials d, and m, appearing in the matrix form of ¢, are the maps induced by restricting 
to the subcomplex/quotient complex A, and C,, respectively. 

In the next few definitions /results, we will be constructing the constituent building 


blocks of the minimal free resolution of the ideals of interest in Theorem 5.5.8. 
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Definition 5.5.3. Adopt notation and hypotheses as in Setup 5.4.1, and let B = 
{a',...,a"}. For each s, write Supp(a*) = {ki <--- < kg, ,}. For each i > 0, define 
the free submodule Li?(F) C Li(F) to be generated by the following collection of 
basis elements, denoted S (all terms appearing are assumed to be standard basis 


elements as in Remark 5.1.6): 

ey ® e? if B F a® — exs for some i, 

es@e if ke ¢ J, 

sen(kp)e sues} @E *? +sen(kf eres, asyur@e if T= {kf,..., AE pUT 

for some J’, kf ¢ J 

forall <s<r,1<p<€< Mqas, where J = (jp <--- < ji). 
Remark 5.5.4. In the case that a*® = de;, for some indicies 7; < --+ < i,, the sub- 
modules LP as in Definition 5.5.3 are obtained by simply deleting all standard basis 
elements of the form 


ejyus @ef (ig EJ). 


Observation 5.5.5. Let L'?(F) denote the submodule of Definition 5.5.3. Then 


the Koszul differential induces a map 
Ly (PB) by). 
Moreover, if rk; is as in the statement of Corollary 5.4.6, then 


rank L';? (F) = rank Li(F) — rk; 


eae () 
_ ; ; — rk;. 
itd a 
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Proof. The first observation is clear by noticing that S as in Definition 5.5.3 generates 


Ty,a1 
a 


Iz,0? 
a 


Ker , where each oor is as in Definition 5.2.2. The fact that this generates 


grr 
the kernel follows by the proof of Proposition 5.3.6. For the rank count, observe that 


the count for each omitted basis element is precisely the count done in the proof 


of Proposition 5.3.6. Indeed, the basis elements omitted are precisely the elements 


whose images form a basis for the image of the g? maps, for each 1 <5 <r. 


Definition 5.5.6. Let a := (a,...,Q,) be an exponent vector. Define Supp(a) := 


{i | a; > O}. If ny > 1, define Ke to be the complex induced by the map 


a2 i = Bp Re; > R 
i¢Supp(a) 
Ci b> Xj. 


If na = 1, then K¢ is defined to be the 0 complex. 


It turns out that the following result tells us that the top linear strand of the 
minimal free resolution quotient defined by the ideals of Theorem 5.5.8 will always 


be a direct sum of shifted Koszul complexes. 


Proposition 5.5.7. Adopt notation and hypotheses as in Setup 5.3.2. Then there is 


an isomorphism of complexes 
®, : Coker 62% = K2/—n,] 


Proof. Ifnq = 1, then the claim is true. Assume that ng > 1. Observe that Coker oi 


is free on all basis elements of the form 


4 CSupp(a\us | Supp(q@) NJ = ©, |J| =i- flab 
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Consider the map 


®,; : Coker ¢f > Kk? 


I—Na 
€Lky,...skng }UT sen(J)ey. 


This map is clearly an isomorphism, whence it remains to show that ®, is a morphism 


of complexes. For 2 > 1, consider the diagram 


Coker $? —, Coker OF 5 (5.5.1) 


- 


Kos 
a Qa 
ee pi ae aoe 


Going clockwise around 5.5.1, one has: 
dy 
CLk1,...,kng }UT > sen(ki)UeC en kn }Ud 
i=1 


+ So sgn(j € Supp(a) U J) x56 fb... skeng }US\s 
jet 


= Ji sgn(j € Supp(a) U J) je h4,....kna UI) 
jEed 


Oi-1 : : 
H—> >) _sgn(j € Supp(a) U J) sgn(J\7 € Supp(a))xjes;. 
jEeJd 


where the equality in the penultimate line follows by noticing that im oi is free on 


basis elements of the form 
{ez | Supp(a) Z J, |J| = 7}. 
Moving counterclockwise around 5.5.1: 


®; 
Cfk1,...kng }uJ > sen(J ez 
a sgn(J C Supp(a)) sgn(j € J)xje sj. 
jed 


To conclude, observe that 


sgn(j € Supp(a) U J) sgn(J\j C Supp(a)) = sgn(J C Supp(a)) sgn(7 € J). 
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Combining these building blocks with Theorem 5.5.1, one obtains: 


Theorem 5.5.8. Adopt notation and hypotheses as in Setup 5.4.1. Let K' be an 


al 


equigenerated momomial ideal with K' = (x* ,...,x°). Then the minimal free reso- 


lution of R/K' is given by the complex 


|B 


Fi := Li? @ (OxKe, ) (i > 0), 
a1 ad 
Fo = R, 
with differentials 
Kos @1 0; 
Af ; (i > 2), 
0 — ae Kos” 


lg= ( Kos" Ql @,) . 
ty = S198 


where O, restricted to each direct summand Ko"), is the map: 


Che ante 


Pp-Nas 
Nas Bid. 
eF +> sen(J) De sen(ki) thse Bes jus ® er 
i=l a 
+ sgn(J) 57 wee tes ( sen(hj ey, Bente Gore es 
praWagyln | s 


1<Jj 


. ae —exs 
+ sgn(k; Je es Bohs. jus Be ’) 


Proof. Using Theorem 5.5.1, the proof comes down to computing the map ©; explic- 
itly. For ease of notation/computation, assume that |B] = 1. It will be understood 
that in the case |B| > 1, this computation yields the restriction of ©, to each direct 
summand. 

Let p > 2; one computes the image of an arbitrary e7 € Te es under O,: 


Prop 5.5.7 
ey > sen(J )efiiy,.. king FU 
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Kos” : 
=> sgn(J) S° sgn(j) a je f4,....ke}Us 
jEd 
+ sgn(J) ye Senki )leC a. Bde JUI 
i=1 

rojection ae 

_— son(J) D semlki)UrC rn. kan }ud 
i=1 


Na 
inclusion a—€p. 
poe sen(J) So re, €fh1,...Jkng pus ® ew “i 


i=1 

Bos, sen) Yo seni E I) Eh L5€(hy,..hn,}uI\y @ CTH 
+ sen(J) by sen(ky) le Tk en, 6,m,jur Oe 

ij= 
pprosecr" sgn(J) > sen(ky)tn 2k ern, 6, m, pur Oo 

ij= 

= sen(J) x sem(ki)RC a, king JU eu 
+ sen(J) >> r4,0e, ( sen(kjen, o, ejur Oe” ™ 

i<j 


+ sen(ki)er.. 6. dena JUd @ erty), 


The final equality of the above is written in terms of the basis elements of L*, 28 


As a Corollary, we obtain the previously mentioned fact that the minimal free 
resolution in the case that the complementary ideal consists of pure powers is obtained 


by simply restricting to the subcomplex A, (with notation as in Theorem 5.5.1). 


Corollary 5.5.9. Adopt notation and hypotheses as in Setup 5.4.1, with as = dex, 
forl<s<re«n, where B = {de < +--+ < dex}. Let K’ be an equigenerated 
momomial ideal with K’ = (af,,..., 2%). Then the minimal free resolution of R/K' 


is given by the complex 


Kos¥@1 Kos¥@1 0.B Sa(w) 
wg gee 


LP Ohad) 2.0 =) 
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Proof. This follows immediately by Theorem 5.5.1, since C;, = 0 for all k by Propo- 


sition 5.3.4. 


Next, we define the necessary building blocks in the squarefree case. This reso- 
lution will be much simpler to describe, since we have already seen that these ideals 
have linear minimal free resolutions. This implies that, as in Corollary 5.5.9, the 
minimal free resolution is obtained by taking the kernel of an appropriate morphism 


of complexes. 


Definition 5.5.10. Adopt notation and hypotheses as in Setup 5.4.8, with i = 
{I,,...,I»}. For each i, define the free submodule F*”™ C F%" to be generated 
by the following collections of basis elements, denoted 7 (all terms appearing are as- 
sumed to be standard tableau with strictly increasing columns and rows; recall that 


Notation 5.1.11 is in play here): 


fa ® fe if J # I3\{ips} for any Pp, §, 


fy @ fis ees if ips ¢ J for any p, s, 


sen(ips) f7Ufip,} ® f°“ + sen(iis) fai, @ fs where Is J = ©, 


where J = (jo <...<ji-1), lS s<r,andl<p<d. 


Observation 5.5.11. Adopt notation and hypotheses as in Setup 5.4.8, with 7 = 
{I,,...,1,}. Let Fo" denote the submodule of Definition 5.5.10. Then the differen- 


tial 00" : FO" = F%" induces a differential 


dwn. pidn,t d,n,i 
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Moreover, 


rank FP?" = rank F®" — rr. é 7 ) 
tv — 


7 ed eum 2 7) 


Th Jy 


In, IS 


Proof. The first claim follows after noting that FO generates Ker , , where 


pints 


each apyers is as in Definition 5.2.4. For the second claim, fix an indexing set J, = 
(i1, < +++ < tas). The module pant omits precisely all standard basis elements of 


the form 


125 it Leds 


J! 


where J’ = (jj < --: < jj_,) and J/N I, = {ti.}; there are ca) such choices for J’ 


and r choices of s, so the result follows. 


Theorem 5.5.12. Adopt notation and hypotheses as in Setup 5.4.8, withi = {I,...,1,}. 
Let K' be a squarefree equigenerated momomial ideal with K’ = (x",...,a/"). Then 


the minimal free resolution of R/K' is given by the complex 


d pe abn d 
d,n,t . Nyt ee? 1 nyt 
| eee ick F R— 6 


Proof. This follows immediately by combining Theorem 5.5.1 with Proposition 5.3.10. 


We conclude with some questions about additional structure on the complexes 
above. Firstly, it is well known the the L-complexes admit the structure of an asso- 


ciative DG-algebra. Likewise, the complex constructed by Galetto will also admit the 
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structure of an associative DG-algebra, since the squarefree Elihou-Kervaire complex 


admits such a structure by work of Peeva (see [37]). One is then tempted to ask: 
Question 5.5.13. Do the complexes of Theorem 5.5.8 or Theorem 5.5.12 admit the 


structure of an associative DG-algebra? 


Similarly, it is well known that the (squarefree) Eliahou-Kervaire resolution is 
cellular by work of Mermin (see [33]). Since one can reformat the above constructions 
of this section in terms of taking kernels/cokernels of the Eliahou-Kervaire resolution, 


we also pose: 


Question 5.5.14. Are the complexes of Theorem 5.5.8 or Theorem 5.5.12 cellular? 
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CHAPTER 6 
DG-ALGEBRA STRUCTURE ON LENGTH 3 TRIMMING 


COMPLEXES AND APPLICATIONS TO 'TOR-ALGEBRAS 


Let (R,m,k) be a regular local ring with maximal ideal m and residue field & with 
R/I a quotient ring of projective dimension 3. Recall that a complete classification 
of the multiplicative structure of the Tor algebra Tor!(R/I,k) for such quotients was 
established by Weyman in [43] and Avramov, Kustin, and Miller in [4]. 

Absent from this classification was a complete description of which Tor-algebra 
structures actually arise as the Tor-algebra of some quotient R/J with some prescribed 
homological data. More precisely, let R/I have a length 3 DG-algebra minimal free 
resolution: 


BR: OOF F3 3 i OF, OR, 
with m = rank(F,), n = rank(F3). Let *:=-@k, and define 
p= rank(F{_), q =rank(F) - F4), 
r= rank (A — Hom,(F;, P,)). 
Then, Avramov posed the question (see {[2, Question 3.8]): 
Which tuples (m,n, p,q,1r) are realized by some quotient ring R/I? 


This is often referred to as the realizability question, and Avramov gives bounds on 
the possible tuples that can occur in this same paper along with some conjectures on 
the tuples associated to certain Tor-algebra classes. One such conjecture was related 


to the Tor-algebra class G, where Avramov had posed: 
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Question 6.0.1. If R/I is class G(r) for some r > 2, then is R/I Gorenstein? 


The counterexamples to Question 6.0.1 were originally constructed by Christensen 
and Veliche in [14] and produced on a much larger scale by Christensen, Veliche, 
and Weyman using a remarkably simple construction. Given an m-primary ideal 
I = (¢1,.--,@n) C R, one can “trim" the ideal J by, for instance, forming the ideal 
($1,---;Pn-1) + My. It turns out that this will yield an ideal that defines a non- 
Gorenstein quotient ring which is also of class G(r) (see [16]). 

More generally, computational evidence suggests that the process of trimming an 
ideal tends to preserve Tor-algebra class. In this chapter, we set out to answer why 
this is true. In practice, there are two ways of computing multiplication in the Tor- 
algebra Tor.(R/I,k) for a given ideal J. First, let A denote the Koszul complex 
resolving R/m. Then, one can descend to the homology algebra H,(K, @ R/I), with 
multiplication induced by the exterior algebra K,. Alternatively, one can produce 
an explicit DG-algebra free resolution F, of R/J, tensor with R/m, and descend to 
homology with product induced by the algebra structure on Fy. 

We take the latter approach in this chapter. Luckily, an explicit free resolution 
of trimmed ideals is constructed in [41]. More generally, we construct an explicit 
algebra structure on arbitrary iterated trimming complexes of length 3 (see Theorem 
6.2.3). In the case that the ambient ring is local, we are then able to show that 
the possible nontrivial multiplications in the Tor-algebra are rather restricted (see 
Corollary 6.2.7). 

This algebra structure is then applied to the previously mentioned case where the 
ideal I is obtained by trimming. We focus on ideals defining rings of Tor-algebra 
G and H, and show that under very mild assumptions, trimming an ideal preserves 
these Tor-algebra classes. This allows us to construct novel examples of rings of class 


G(r) and H(p,q) obtained as quotients of arbitrary regular local rings (R,m,k) of 
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dimension 3, and we further add to the realizability question posed by Avramov (see 
Corollary 6.4.8 and 6.4.14). 

This chapter is organized as follows. In Section 6.1, we set the stage with con- 
ventions and notation to be used throughout the rest of the chapter along with some 
background. In Section 6.2, an explicit product on the length 3 iterated trimming 
complex is constructed. In the case that the complexes involved further admit the 
structure of DG-modules over each other, then this product may be made even more 
explicit (see Proposition 6.2.4). As corollaries, we find that only a subset of the prod- 
ucts on the iterated trimming complex are nontrivial after descending to homology. 

In Section 6.3, we focus on the case of trimming an ideal (in the sense of Chris- 
tensen, Veliche, and Weyman [16]). Assuming that certain products on the minimal 
free resolution of an ideal sit in sufficiently high powers of the maximal ideal, we show 
that trimming an ideal will either preserve the Tor-algebra class or yield a Golod ring 
(see Lemma 6.3.10 and 6.3.13). In the case that the minimal presenting matrix for 
these quotient rings has entries in m’, the restrictions become even tighter and we 
can say precisely which Tor-algebra class these new ideals will occupy (see Corollary 
6.3.11 and 6.3.14). 

Finally, in Section 6.4, we begin to construct explicit quotient rings realizing tuples 
of the form (m,n, p,q,7). In particular, we construct an infinite class of new examples 
of class G(r), and can say in general that there are rings of arbitrarily large type with 
Tor-algebra class G(r), for any r > 2 (this was previously known in the case that the 
ambient ring was k(x, y, z], see [39]). Likewise, we construct an infinite class of rings 
of Tor-algebra class H(p,q) that are not hyperplane sections, which, combined with 
the process of linkage, can be used to conclusively show the existence of rings realizing 
many of the tuples falling within the bounds imposed by Christensen, Veliche, and 


Weyman in [17]. 
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6.1 BACKGROUND, NOTATION, AND CONVENTIONS 


In this section, we first introduce some of the notation and conventions that will be 
in play throughout the chapter. We will introduce iterated trimming complexes (see 
Definition 2.2.5), the algebra structure on which is the main subject of Section 6.2. 
We also discuss the realizability question posed originally by Avramov, and discuss 
the progress on this question due to Christensen, Veliche, and Weyman in [17]. 
Throughout the chapter, all complexes will be assumed to have nontrivial terms 


appearing only in nonnegative homological degrees. 


Notation 6.1.1. The notation (Fi,d.) will denote a complex Fy with differentials 
d.. When no confusion may occur, F or Fy may be written instead. 
Given a complex Fy as above, elements of F,, will often be denoted f,, without 


specifying that fn € Fy. 


Definition 6.1.2. A differential graded algebra (F.,d,) (DG-algebra) over a com- 
mutative Noetherian ring R is a complex of finitely generated free R-modules with 


differential d and with a unitary, associative multiplication F ®r F — F satisfying 
(a) Fy. Fj C Fiy4;, 
(b) dit; (waxy) = di(as)ax; + (—1)*xid;(z5), 
(c) ajax; = (—1)"x;2;, and 
(d) x? = 0 if 7 is odd, 
where x, € Fy. 


The following setup will be used for the rest of this section, and will be used to 


discuss results related to Question 6.1.4. 
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Setup 6.1.3. Let (R,m,k) denote a local ring. Let R/I have a length 3 DG-algebra 


minimal free resolution: 
Bes 0-9 f3 59 Fh, Oh OR, 
with m = rank(F\), n = rank(F3). Let = :=-@k, and define 
ee rank(F,_), q = rank(F; - 4), 
r = rank (A — Hom,(F;, P,)). 


Question 6.1.4. Which tuples (m,n, p,q,7) are realized by the data of Setup 6.1.3 for 


some quotient ring R/I? 


For the definition of the Tor-algebra class H(p, q) appearing in the following The- 


orem, see Theorem 6.3.1. 


Theorem 6.1.5 ({17], Theorem 1.1). Adopt notation and hypotheses as in Setup 
6.1.8. Let Q = R/I be a Cohen-Macaulay local ring of codimension 3 and class 


H(p,q). Then the following inequalities hold: 
p<xm—-1 and q<n. 

Moreover, the following are equivalent: 

(i) p=n+1. 

(ii) q=m-2. 

(itt) p=m—1 andg=n. 
If the conditions (i) — (iit) are not satisfied, then there are inequalities 

p<n-1 and qx<m-4 


with 


p=n—-1l = q=om-2 and q=m-4 = p=on-1. 
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Christensen, Veliche, and Weyman further conjecture that within the bounds 
supplied by Theorem 6.1.5, there are ideals defining rings of class H(p,q) realizing 
the tuples (m,n, p,q) (that is, these bounds are sharp; see the conjectures of 7.4 in 
[17]). 

Next, recall that an ideal J C R is directly linked to the ideal I if there exists 
a grade 3 complete intersection a C J such that J = (a: J). Two ideals J and J 
are linked if there exists a sequence of direct links connecting J and J. In [17], it is 
carefully studied how the Tor-algebra of an ideal relates to that of any directly linked 


ideal. In particular, one has the following Proposition. 


Proposition 6.1.6 ([17|). Adopt notation and hypotheses as in Setup 6.1.3. Assume 


ICR is a grade 3 perfect ideal. 


(a) If I defines a ring of Tor-algebra class G(r), then it is directly linked to a grade 


3 perfect ideal J defining a ring of Tor-algebra class H(p',q') realizing the tuple 
(n+ 3,m—3,p',q7), 
where p’ > min{r, 3}. 
(b) If I defines a ring of Tor-algebra class H(p,q) with p > 2, q > 3, andm—3 = p, 
then it is directly linked to a grade 3 perfect ideal J of class H(q,p) realizing 


the tuple 


(n+3,m — 3,q,p). 


(c) If I defines a ring of Tor-algebra class H(p,q) with p > 3, q > 3, andm—2> 
p > 1, then it is directly linked to a grade 3 perfect ideal J of class H(q,p — 1) 
realizing the tuple 


(n+ 2,m—3,9¢,p— 1). 


(d) If I defines a ring of Tor-algebra class H(p,q) with p > 4, q > 3, andm—-12> 


p > 1, then it is directly linked to a grade 3 perfect ideal J of class H(q,p — 2) 
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realizing the tuple 


(a+ 1m =3,9,p'= 2), 
wherem >5 orn > 3. 


Combining Proposition 6.1.6 with the explicit examples given in Section 6.4 will 
allow us to combine the processes of linkage and trimming to compute explicit exam- 


ples realizing the tuples falling within the bounds of Theorem 6.1.5. 


6.2 ALGEBRA STRUCTURE ON LENGTH 3 ITERATED TRIMMING COMPLEXES 


In this section, we show that if the complexes associated to the input data of Setup 
2.1.1 are length 3 DG-algebras, then the product on the resulting iterated trimming 
complex of Theorem 2.2.4 may be computed in terms of the products on the afore- 
mentioned complexes. The proof of this fact is a long and rather tedious computation; 
moreover, in full generality, the products have certain components that are only de- 
fined implicitly. In the case that the complexes involved admit additional module 
structures over one another, these products may be made more explicit (see Propo- 
sition 6.2.4). However, after descending to homology, many of these products either 
vanish completely or become considerably more simple. This fact is made explicit in 
the corollaries at the end of this section, and will be taken advantage of in Section 
6.3: 

The following is essentially the proof of Proposition 1.3 of [11]; for convenience, 


the proof is reproduced here. 


Proposition 6.2.1. Let (F.,d.) denote a length 3 resolution of a cyclic module M 
admitting a product satisfying axioms (a) —(d) of Definition 6.1.2. Then, the product 


7s associative. 
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Proof. Since F, has length 3, the only nontrivial triple product can occur between 3 


elements e1, €2, and e3 of homological degree 1. One computes: 


ds((e1 -€9)-e3 — €1 + (€2° €3)) = dy(e, - €2) - €3 + di(e3)e1 - eo 
— di(e€1)e2 - e3 + €1 - do(€2 - €3) 
= d,(e1)e2 - e3 — dy(€2)e; - e3 + dy(e3)e1 - €2 
— di(e€1)e2 - eg + di(e2)e1 - €3 — di(e3)e1 - €2 


= 0. 


Since d3 is injective, the result follows. 


Notation 6.2.2. Given a DG-algebra F., the notation -~ denotes the product on Fy. 
Given two free modules F and G, elements of the direct sum F ®G will be denoted 


f+gEeF OG. 


Theorem 6.2.3. Adopt notation and hypotheses as in Setup 2.1.1, and assume that 
the compleres Fy and G? (1 <i < t) are length 3 DG-algebras. Then the length 3 
iterated trimming complex of Theorem 2.2.4 admits the structure of an associative 


DG-algebra with a product of the form: 


t 
Fer > Khe (@<5) 


i=l 
t 
fi-rfic=hier fit >5 9), where m3(9) = G(fi-r fi), 
t=1 
FeGiohe (Bes) 
j=l 
fier gi =m, (91)eo-r fi + NG 


j=l 
where m3(g3) = di(fi)gi + m4 (91) a) (eb -e Si), 
m3(g3) = mi(gi)at (eh -r fi) for j Ai 
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t ‘ 
Gi aGi= he (Bes) 


j=l 
G7 G1 = —G ci 941 (€}), 


; t 
GieGi+he(@cs) fee 


k=1 
t 
IT GF =m) (gi)mi (ge -r ej + d— 95, 
k=l 
where m3(g3) = mi(gi)mi(gl)aqi (ep -r e) + mi (gi)di(ed)gi, 
ma(gs) = m\(gi)mi(g1)a1 (ep -F 0) — M4 (g})di (ep) 91, 
mi (gs) = mi(gi)mi (gt )at(e) -r eb) fork At, J, 


t 
Fi@F, 3 F3@ (Bai) 


tL 
t 
fi-r fo:= fier fo +>, 9, for some gi € G5, 
41. 
. t . 
Fe@Gi> Ke (Bas) 
j=l 


t 
fi-r = )_/ 9, for some gf € Gs 
j=l 


Gs) 
1 


cH “7 q = —g; ‘Gi gpd, (€), 


t 
GLOGh+ Re ( 


Jj 


t 
GecisKe (@c4) 
k=1 


t 
9 ‘T op = eC a # j, for some 93 € Gr 
k=1 
- t “a 
Gi eh 3 Fe (@cs) 
j=l 
¥. %e = * t . * s 
gr fo = —M(91)ey -r fo + >. 93, for some g3 € GS. 
GA 


Proof. Observe that, by Proposition 6.2.1, it suffices to show that the contended 


products satisfy axiom (b) of Definition 6.1.2. The proof thus becomes a straightfor- 
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ward verification of this identity, and will be split accordingly into all of the cases. 


For convenience, let 7’ : F; — R denote the composition 
peat 
F, projection Re’, ak R, 


where the second map sends e’, ++ 1. Observe that mio qi = 10d =: di’. Likewise, 
let p: F — FY denote the natural projection. Observe that d, = po dy. 

Case 1: F/ @ Fi > Fo @ (@., G3). We first need to verify the existence of 
each gi; by exactness of each Gt, it suffices to show that qi(fi-r f{) is a cycle. One 


computes: 


mo g\(fi-r ft) 


x! (da(f-v fi) 
nv (Chea = ai(fi)Fi) 


0, since 1'(F{) = 0 for all i. 


Thus the desired g, exists for all 7. It remains to verify the DG axiom: 


Afr fh) = afer +0 (-ailfi-r f) + mi(a))) 
a=1 


=d(fi)fi — d(fi)h 
=4(fif,-afpA. 


Case 2: Fi @Gi 3 hn @ (el G3). We first verify the existence of the desired gj. 
One computes: 
mi (di(fi)gi + mi(gi)ai (eb -r fi) = dal fade (gt) + mi (oi)n" (dale, -r fi) 
= di(fiymy (gi) — my (gid (fi) 


mi} (mi (gale) fi) = mi (gi) (dale -e fi) 
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It remains to verify the DG axioms: 


t 


l2( fi -r gh) = m4 (g})d5(€5 -F fi) ~dm (gi at (ed -e fi) + 52 m}(gh) 
j=l 


= mi (gi)di (eo) fi + di( fig 


= (fig, — &(gi) fr. 


The above uses that d, = po do, implying d}(e4 -r fi) = di(e) fi. 
Case 3: Gi@Gi 37 hoe (ei. Gs). One computes directly: 
lo(gi 7 9/1) = m3(—g9i «ee G\di(€4)) 
= —ma (94) 9,41 (e) + m1(9'r) 9a (C5) 


= £(g')9", — &(9'1)g! 


Case 4: Gi @aGl > he ( @)- 1 Gh). i 1 # j. We verify the existence of g}; the 


proof of the existence of g is identical. One computes: 


mim (95 re (gta (eh) + me (gt) caeh)ai) 


=mi(9i)mi(gi)m! 0 doe -F eB) + mi4(91) di (eG)Mm4 (91) 
= — m4 (9i)mi(gt)di (ea) + mi (g1)dr (eb) (91) 


=0. 
It remains to show the DG axiom: 
lo( gh -r a) = mi (gi)mt (g1)d5 (€0-F ¢) 
an 3 1 mi (gj yi (gt ai (eh - €) + mS(gh)) 
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In the above, notice that d',(e4, -~ e4) = p(di(e4,)e, — dy(e))e4,) = 0. 
Case 5: Fi @ Fy 3 F36 (@.., Gi). Observe that 
fier (dg(fo) — So i (fe)) = fir a (fo) + 35 95 
i=l i=l 
— > (mi ogi(fadeo-r fi + 98’), 
i=l j=l 
where ms (si -»S- 9s") 
j=l 
t 


=a (fi -r do(fa)) — di(fi)ai( fa) — ~ ail (di( fo) «re fi) 


=) (fir do(f2) — di( fi) f2) 


=—miogs(fi-r fz), for each i =1,...,t. 


This implies that 9; — jy gs + a(fi -r fo) is a cycle, so that there exist gi € Gi 
such that 
m3(g5) = - Dai + (fice fo). 


Using this along with the fact that 


one obtains: 


fi-r (d5(f2) — | di(f2)) = fie do( fo) Sal fi-r fe) +305 
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whence upon choosing 


fi-r foc= fier fo +> g5, 


i=1 


one immediately obtains 


t 


é3( fir fo) = di(fi) fe — fir do( fo) + 0 ab( fi - fe) +0 95 
4=1 4=1 


t 


= di(fi)fo— fir (da(f2) — Do (fa) 


g=1h 


=h(fi)fe — fr -r f2( fa). 


Case 6: Fi @ Gi > F3®@ ( 1 G4). One computes: 
t 
€i(fi)ga — fr 7 my(go) = di( fig Ls 


yes di(fi)ms(95) if t= J, 
where m3(g') = ae 
0 otherwise. 


This implies that 
d(fijgs—gh' ifi=j, and 


5" otherwise 


are cycles. By exactness of each GZ, there exist g E Gi such that 


di(fijg,—g ifi=z, 


dug) otherwise. 
Case 7: Gi @G) > F3@ (e' as). One computes: 


€3(g) -r 95) = m3(—91 «ci 9d1(€)) 


= —m}(91)9241(€0) + 91 at M2(92)di (e5) 
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(6.2.1) 


= b1(91)95 — 94-7 €2(95)- 


Case 8: Gi @ G33 F3@ (Oi. Gh), i Aj. One computes: 


t 


Cy (9})93 — gj “p b0(g3) = —mi (gj) )di( (e6)9 ~ dish 


—mi(9})di (ep )m3(g) if k = j 
where mk(g/$) = ~— Tee 


0 otherwise, 


whence 
gh + mi(gi)di(ei)gg if k = 7 


k 
9 otherwise, 


are cycles, implying there exists gf € G& such that 


4 mi(gi)di(ei)g ifk=7 
kg = 92 1(91)d1(€9) 9 J (6.2.2) 
gh" otherwise. 


Thus, one may define 
t 
GT G2 = >, 9H: 
k=1 


and this product will satisfy the Leibniz rule. 
Case 9: Gi ®@ Fh 3 F3 (e' Gi). One computes: 
Ci(gi) fe — 91 «7 b2( fo) 


t 
= —mi(gi)di(e},) fo — gi -r (do( fo) — So al f 
j=l 


= —mi(gi)di (eb) fo + db(fo) rg + 0 ot rv A (fe) 


j=l 
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= ini (gi) da (e}) fa + mi (gieb -F Aal fa) + 9h — gh ves gil Fa)ea( et) 
j=l 
t . L . . , é t iI 
+ (mi(oiml Aaddeb vb + of") 
j#i k=1 


= ~mi(gi)dsleo-r fs) — 94 -o ail fadaa(et) + 98 + (9h + oh"). 


pHi k=1 


Observe that Thus (gf + Dhan af") = Diy: (ob + Dia oh) + Cheah, and 
mh (gh + ah!) = mi(oidalled -» yf) 
kAt 


+ So mi (gi)dy’(fo)ai (ce, -w ef) 
ki 


— mi(gi)di(e}) qi (fo) 
= mi (gi) a1 (e} « do(fa)) — mi (gi)dr (eh) a (f2) 
= —mi(gi)mi(@(eh -r f2)), 


mi(— 9} o(Jayia(e) + 9h + Do) = =m) (g)0i(fa)d(e) 


+ dh (f2)di(e4) + di(do(fo)) gi 
+ mi (91) qi (€0 -# do(f2)) 


+ (mi(oidayfa)ai (l,m eb) + dy (Fa)d(eb)at ) 


ki 


= d,(do(f2)) gi - mi (91) (f2)d1(€) 
+ mi(9})qi (65 -F del fe) 


= —m(9})m3(43(e -# f2))- 
Thus, 
93 + > gh? + m\(gi)a8(eb «F fa), and (6.2.3) 
kAt 


104 


1° i(f2)di (eo) + 92 + sy gn" + mi(gi)ab(Cb «F fo) (6.2.4) 
kAt 


are both cycles, implying there exist gj € G3 such that 


pki 


i di(fe)di(et) + 98 + Dizi gh" + Gleb -r fo) ifi = J, 


g3 + Dai 92 Bd (ei ‘F fa) otherwise. 
Defining 


t 
ger fo = —mi (geo fo + Do 9, 
j=l 
one combines this with the first computation of this case to find: 


t 
l3(91 -r fo) = €3(—mi(91)eh -r fo + 3 98) 
fe 


= —mi(gi)d3(e}, «re fo) + +a i(9})a3 (eb «e f2) + mk (93) 


j=1 j=l 


(94) fa _ cH “p l5( fo). 


As previously mentioned, in the case that each G? has an additional DG-module 


structure, some of the products of Theorem 6.2.3 may be made more explicit. 


Proposition 6.2.4. Adopt notation and hypotheses as in the statement of Theorem 
6.2.3, and assume that G*, admits the structure of a DG-module over each GZ for all 
1<j<t. Then, the following products can be extended to a DG-algebra structure 
ond: 
t 2 
FeGiohe (Bes) 
j=l 


t 
fi-rgy = mi (geo-r fit do oie (eo -r fi), 
j=l 


, t 
Gi eG + he (@ct) es 
k=1 
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t 
Ker = M(gi)mi (geo -r ej t+ d— 95, 
k=1 


mMi(Gi)9 a GY (€5 -F e}) Tea 
where d= mi(gi)gt cs (eh ret) fk = 35 
mi (gi) gt «as gi (eh -p e) otherwise, 
Fi ®G,> Fs (Oa) 
j=l 


t 
fi-r 9 = —d0 95 -e Ger ft), 
j=l 


t 
GieGokhe (ci) 
k=1 
: j a2 my (9}).93 “Gk at (€% "PF e) Yyu<j 
Q°T G2 
—m' (gi) 95 -cs G1 (5 «F 0) Ts <i, 


Remark 6.2.5. Observe that the assumption that G, is a DG-module over each G2 is 


satisfied if G? = Gi for all 1 <1, j <t. 


Proof. In order to show that the products in the statement of the Proposition are 
well-defined and may be extended to a product on all of T,, one only needs to verify 
the identities in the statement and proof of Theorem 6.2.3. The verification is split 
into all 4 cases: 


Case 1: Fi @Gi 9 FL) ® 


Ore 


Dj-1 G4). One has: 


mA(gi ci (esr fi) = mi(gial(ed -r fi) — 91 - 7 (do(eo -r fi) 
aoe di(fijg, ifi=j 
= mi (gi) qi(€0 «Fe fi) + 
0 otherwise. 
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Case 2: Gi @GiI 3 Fh (Oi. GS). One computes: 


a 


m35(g5) = mi(gi)m}(gi)ai (eb Fed) — mi(Gi) gt « T'(da(eh -F &)) 
= mi(g})mi(gi)ai(eb red) + mi (gi)dr (ed) 91, 

m(g3) = mi(gi)mi(gial(e) -r eh) — m4 (gi)gt - 77 (do(ep -F €)) 

= mi (gi )mi(gl)al (eb ee) — m4 (g})di(ep) a1, 


m3(93) = mi (gm (g1)at (Co -F €) — Mi(91) gt» T*(da(Ep -F €6)) 


= my (gi )m4 (gt )al (e} "EF e). 


Case 3: Fi @G) > F3 6 (@'-. as). The identity 6.2.1 must be verified. One 


computes: 
m$(—93) = —m5(93) «ai G1(€0 “F ft) — 95° 7 (doe -F Si) 
= di(fi)g2 — 3(93) ai W(eo-r fi) fi = J, 


= —m3(9}) «Gi qi (e} -p fi), otherwise. 


Case 4: Gi @Gi > F3® (ei. Gt). The identities of 6.2.2 must be verified. 
One computes: 
m3 (mi (91) 93 “at 4 (eo “F eb) = 74 (9))173(93) “ae Gt (0 -F €) 
mi(gi)di(ep)g2 if k = j 


+ ikea j 
0 otherwise 


mA(mi (gi) 93 «ci G(eh -F ed) = mi(gi)mh (93) -cr A (e} -F eb) 
+ mi(gi)di(ed)g% 


= gi -r m4(gh) + mi(gi)di(e))gg if 7 <i. 
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This completes the proof. 
Notation 6.2.6. Let (R,m,k) denote a regular local ring. Let = denote the functor 
-@prk. 

The following corollaries are immediate consequences of the statement and proof 


of Theorem 6.2.3. 


Corollary 6.2.7. Let (R,m,k) denote a regular local ring. Assume that the complexes 
F, and Gt (for 1 <i<t) are minimal. Then the only possible nontrivial products in 


the algebra T, are 


For Ri, For Fh, Gir Fo, and Fi -r Gh. 


Corollary 6.2.8. Let (R,m,k) denote a regular local ring. Assume that the complexes 


F, and G? (for 1 <i<t) are minimal. Then the map 
Tok 
fi fi (fi Se F;), 
gitr0, (gf €G), 


is a homomorphism of k-algebras. 


6.3 CONSEQUENCES FOR TOR ALGEBRA STRUCTURES 


In this section, we take advantage of Corollary 6.2.7 and study how the process of 
trimming an ideal affects the Tor-algebra class. As in turns out, if the multiplication 
between certain homological degrees has coefficients appearing in sufficiently high 
powers of the maximal ideal, then the Tor-algebra class will be preserved. We also 
give explicit examples showing that if this assumption is not satisfied, then it is 
possible to obtain new nontrivial multiplication in the associated trimming complex. 

We begin with the Tor-algebra classification provided by Avramov, Kustin, and 
Miller in [4]. 
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Theorem 6.3.1 ({4], Theorem 2.1). There are nonnegative integers p, q, andr and 
bases {fi}, {fi}, and { fi} for Tort’(R/I,k), Tor}(R/I,k), and Tors'(R/I,k), respec- 
tively, such that the multiplication in Tor? (R/T, k) is given by one of the following: 
Cl: ff=fft, =f, A= fifi 
fifi = dyfs for <i, <3 
TE: =ff=fift, R=ff, A=fifi 
B. ftfi= ht, ffs =f. fife = fs 
G(r): fifh= fg, 1<i<r 
Hp,g): #Pfi= hf, 1<ix 


P 
1 j ; " 
fe She hee eg 


Remark 6.3.2. In terms of the tuples presented in the Realizability Question 6.1.4, 
the classes G(r) and H (p,q) have: 
G(r): (m,n,0,1,r) 


H(p,q): (m,n, p,q,q)- 


For this reason, a tuple coming from a class G(r) ring will often be shortened to 
(m,n,r), and a tuple coming from a class H(p, q) ring will be shortened to (m,n, p,q). 


These tuples will be referred to as the associated tuple. 


The following definition is introduced out of convenience for stating the results 


appearing later in this section. 


Definition 6.3.3. A Tor-algebra is in standard form if the basis elements have been 
chosen such that the multiplication is given by one of the possibilities of Theorem 
6.3.1. A DG-algebra free resolution F, is in standard form if the multiplication 


descends to a Tor-algebra in standard form after applying — ®p k. 
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Example 6.3.4. Let R = k[x,; | i < j] and X = (a;;) be a generic n x n skew 


symmetric matrix, with n odd. Given an indexing set J = (i; < --- < ig), let 
Pf,;(X) := pfaffian of X with rows and columns from J removed. 


Define 
d, := (Pf,(X), —Pfo(X),...,(—1)**!P£,(X),...,P£,(X)), 


and consider the complex 


FY: 0 R 


Then F, admits the structure of an associative DG-algebra with the following prod- 


ucts: 
n 


fori = Sly Pian: 
k=1 
fir f3 = big ff. 
If n > 5, then F, is in standard form since it descends to a Tor-algebra of class G(n) 


in standard form. 


Notation 6.3.5. If A= A368 A2BAL GO| is a finite dimensional graded-commutative 
k-algebra, then 
Ad = {a € A; | a- Ap = 0}. 


The following Lemma is a coordinate free characterization for length 3 k-algebras 


realizing certain types of algebra classes. 


Lemma 6.3.6 (({4], Lemma 2.3). Suppose A = A3BA2@A1 6k is a finite dimensional 


graded-commutative k-algebra with A? = 0. Then: 
(a) A has form H(0,0) if and only if Ay - Ag = 0. 


(b) A has form H(0,q) for some q > 1 tf and only if codim A} = 1 and dim A,-Az = 


qd. 
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(c) A has form G(r) for somer > 2 if and only if dim A,-Ag = 1 and codim A} =r. 


Notation 6.3.7. Let I = (@1,...,¢n) GC R be an m-primary ideal and Fy a DG- 
algebra free resolution of R/I in standard form. Given an indexing seto = {1 < 


O1<-+::<o.< n}, define 
tme(I) = (bi | 4 € 0) + m(9; | 9 € 2). 
The transformation I ++ tm,(I) will be referred as trimming the ideal I. 
The following setup will be in effect for the remainder of this section. 


Setup 6.3.8. Let (R,m,k) denote a regular local ring of dimension 3. Let I = 
(¢1,..-,¢n) © R be an ideal and o = (1 < 01 < +++ < o <n) be an indexing set. 
Let (Fi, d.) and (K.,m.) be minimal DG-algebra free resolutions and R/I and k, 
respectively. By Theorem 2.2.4, a free resolution of R/tm,(1) may be obtained as the 


mapping cone of a morphism of complexes of the form: 


Fi:=@Re, and dy: Fr Bop i, 
j¢o 
Let T, denote the mapping cone of 6.3.1. 
The following Lemma says that in the context of Setup 6.3.8, the possible non- 
trivial multiplications in the homology algebra are even more restricted than that of 


Corollary 6.2.7. 


Lemma 6.3.9. Adopt notation and hypotheses as in Setup 6.3.8 and assume that 
I Cm’. Then, 


Fy -p F C Ker(Q @k) 
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Fy +p Fy C Ker(Q2 @ k) 
In particular, the only possible nontrivial products in the algebra T, are given by 
Fl -r Fi and Fi -p Fy. 
Proof. One has: 
do(F, -p Fi) Cm’F, 


=> miog(F; “PB F) — di (F, on F,) Cm? 


= ¢i(Fi-r Fi) C mK, for all i. 


Likewise, 


d\(ds(Fi -p F2)) Cm: qi (Fi -r Fi) 
Cm’Gi 
=> m2(o(Fi «re Fa) = a (d3(Fi +e F2)) © mG} 


— (Fir Fo) Cm» for alli. 


The latter claim about the triviality of the products Ky, -r Fy and FY -7 Ko follows 


immediately from the definition of the products given in Theorem 6.2.3 along with 


the identities 6.2.1 and 6.2.3. 


The following lemma makes precise the previously mentioned fact that, under 


mild hypotheses, the Tor-algebra class G(r) is preserved by trimming. 


Lemma 6.3.10. Adopt notation and hypotheses as in Setup 6.3.8 and assume that 
F, is in standard form with Fy +p F, C m?Fy. If R/I defines a ring of class G(r), 
then for all indexing sets a, the ideal tm,(I) defines either a Golod ring or a ring of 


Tor algebra class G(r’), for some r — |o N[r]| — rank(Q1 @k) <r’ <r— lon Ir]. 
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Proof. By Lemma 6.3.9, f3; may be chosen as part of a basis for Ker(Q2 @ k); the 


parameter r’ arises from counting the rank of the induced map 
Ker(Q, ® k) — Hom, (Fi, F3). 


By definition of the product on T,, the assumption F -- F,; C m?F, implies that 


fi-rfi=fi-r fi = 0 for all fi, f © Fi. 


Thus, the induced map Fy + Hom,(F’, F3) has rank r —|o N [r]|. But this map may 


be written as the composition 


Ker(Q1 @ k) > Fy > Hom, (Fi, F5), 


whence one finds that r — |aN [r]| — rank(Q; ®k) <r’ <r—|oN[r]]. 


Corollary 6.3.11. Adopt notation and hypotheses as in the statement of Lemma 
6.3.10. If d2(F2) C m?°F,, then tm,(I) defines a ring of Tor-algebra class G(r — |oN 
[r]}). 


Proof. The assumption d2(F) C mF; implies that Q; @ k = 0. 


The following example shows that the assumption F; -- F, C m?Fy in Lemma 


6.3.10 is necessary. 


Example 6.3.12. Let R = k[x1, x2, 73] and 


0 0 A a 
X=] 0 -z, 0 23 0 
—%1 -—% -—2%3 0 O 
—X%o —%3 O 0 O 
Let I = Pf(X) = (23, —rox3, 13-2123, —21X2, 77), the ideal of 4 x 4 pfaffians of X. 


The ring R/J has Tor-algebra class G(5) and the multiplication satisfies F,- FC mF 
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and F,- F, Z m?F,. It may be shown using Macaulay2 [26] that tm (J) defines a 
ring of Tor-algebra class B and tmg(J) defines a ring of Tor-algebra class H(3, 2). 
Both of these Tor-algebras have nontrivial multiplication of elements in homological 
degree 1, which shows that the multiplication on T, cannot possibly agree with the 


multiplication on Fy. 
It turns out that trimming also tends to preserve the Tor-algebra class H(p, q): 


Lemma 6.3.13. Adopt notation and hypotheses as in Setup 6.3.8 and assume that 


F, is in standard form of class H(p,q) with the property that 
fi-p f] €m?Fy for alli,j Apt. 
Then, 
(i) ifp+1e€a, tm,(L) defines a Golod ring, and 


(ii) ifp+1€o, then tm,(L) defines either a Golod ring or a ring of class H(p — 


lo N [p]|,q'), where q—rank(Q1 @k) <q! <q. 


Proof. In an identical manner to the proof of Lemma 6.3.10, the assumption f}-- fie 
m?F, implies 
fi-r fi= fiw fi=O foralli,g Ap4+1. 

Case 1: p+1€a. Since f?*' ¢ F’, it follows that Fi -p Fi = 0. For identical 
reasons, F -p Fy = 0. Thus, the multiplication in the Tor-algebra is trivial, so R/J is 
a Golod ring. 

Case 2: p+1¢o. By Lemma 6.3.9, fi,..., f? may be chosen as part of a basis 
of Ker(Q; ®k). This immediately implies that the only nontrivial products in T, are 
of the form 


fi-r ff = fiforl<i<p,i¢o. 
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Thus, dim, F) -p Fi = p—|o [pl]. Likewise, f?*',..., f2*4 may be chosen as part of 


a basis for Ker(Q2 ® k). Moreover, the rank of the induced map 


Ker(Q, ® k) ~ Hom, (FY, F3) 


is at least q — rank(Q, ® k), and it is evidently at most gq. 


Corollary 6.3.14. Adopt notation and hypotheses as in the statement of Lemma 
6.3.13. If dy(F2) C m?Fp, then tm,(1) is either Golod or defines a ring of Tor-algebra 


class H(p — |oN |p], ¢). 


Again, the assumption that f? -p fi € mF, for i,j 4 p+1 in Lemma 6.3.13 is 


necessary, as the following example shows. 


Example 6.3.15. Let R = k[x,,22,23] and I = (x3 — 2123, —2 1X2, 27, v3). The 
ring R/I has Tor-algebra class H(3,2), and the multiplication on the minimal free 
resolution F, of R/I satisfies fi- f? € mF, fi. ff ¢ m?Fy, where i, 7 £5. However, 


it can be shown using Macaulay2 [26] that tm2(/) has Tor-algebra class TE. 


6.4 EXAMPLES 


In this section, we employ the theory developed in Section 6.3 for the construction of 
explicit examples of rings realizing Tor-algebra classes G(r) and H(p, q) for a given set 
of parameters (m,n,p,q,r) (as in Setup 6.1.3 and Question 6.1.4). These examples 
are constructed in an arbitrary regular local ring (R,m,k); in particular, we will 
construct explicit novel examples of ideals defining rings of Tor-algebra class G(r) 
(and arbitrarily large type). One can combine the examples of this section with the 
results of Proposition 6.1.6 and Section 6.3 to obtain an even larger class of tuples. 


We begin by first adopting the following simple setup. 


Setup 6.4.1. Let (R,m,k) denote a regular local ring of dimension 3 (or a standard 


graded polynomial ring over a field). Let m = (x1, 22,23), where 41, Lo, £3 is a regular 
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sequence. Let Ky, := Re, ® Reg ® Rez and K, denote the Koszul complex induced by 


the map sending €; > %;. 


The matrices appearing in the following two definitions were inspired by matrices 
constructed in [16] and further generalized in [39]. Here, we extend this definition to 


arbitrary local rings for the construction of our examples. 


Definition 6.4.2. Adopt notation and hypotheses as in Setup 6.4.1. Let U?, (for 


j <m) denote the m x m matrix with entries from R defined by: 


(Cita ain. WO imate, OF) es = es fort Sm Sy 


(UL im—i = %, (Cees reese = X3, (U2) is =22fori>m-—J 
and all other entries are defined to be 0. 


To see the pattern, observe that: 


OQ: ees 0? S65 ore 
2 
Li @ 
dvs 2) 1 “3 1_ |. 2 2 
T3 2 
L3 XL 0 X3 XL 0 


Definition 6.4.3. Define V/, (for 7 < m) to be the (2m+1) x (2m+1) skew symmetric 


O Oa (Usa 
Vi = |:2(Oig\® 0 QO |. 


matrix 


—Ui, -(20)F O 


If 7 =m, then V,"" is the skew symmetric matrix 


O Ow - (Um)? 
ie =(O2)". 0 ba! © ay fee 
—Um™ -(2O)F O 
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Lastly, if 7 = m-+1, then V,”"*" is the skew symmetric matrix 


O On (Um)? 
Va = Ons? 0 "20 
—U™ -(@O)F O 
Definition 6.4.4. Let m > 2 be an integer. Define the ideal I’, (for 0 < 7 <m+1) 
by 
Ti, = P&V), 


where Pf(V,/,) denotes the ideal of 2m x 2m pfaffians of V,. 


Setup 6.4.5. Adopt notation and hypotheses as in Setup 6.4.1. Define 
dy — (PA(W2), —Pf,(V3), oR ey (—1)*** P£(V2), Spe oy PV), 


(form >2 and0 <j <m-+1) and consider the complex 


ie (ng eli, Raciiy any are | 


Recall that F, is a minimal free resolution of R/I1, in standard form of class G(2m+1) 


with product as in Example 6.3.4. 


Proposition 6.4.6. Adopt notation and hypotheses as in Setup 6.4.5. Define qi : 
Fy > Ky by sending: 
€9 fl<iggt+l<m+l 
presi Le9 ifgtl<igcme4l 


ren ifm+1<i<%m+1-j 


—€2 if2m+1—7 <1 <2%m-+1, 
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€3 PAS te, 4 al 

L3€3 ifg<i<m4+l1 
ea ifi=m+1 

—a23e3 ifm+1<i<2%m4+1-j 

—€3 if2m+1—j<i1< 2m+1, 

e1 ifl<i<j-1 

X11 ifg7—-1l<i<m4l 


= bs Saseriucas x 
ae 11 tft=m4+1,j<m+l1 
fe a 


—e} iffi=m+1,j7=m+1 
—xje, ifmt+1<icm-+1- 9 


—e} if2m+1—jf<i< m+, 


and all other basis elements are sent to 0. Then the following diagram commutes: 


Fy 


ra 
ai ~ 


ky es m. 
Notation 6.4.7. Let a and b be positive integers with a < b. The notation [a] will 
denote the set {1,2,...,a—1,a} and the notation |a,b] will denote the set {a,a+ 


Lecatb doh, 


Corollary 6.4.8. Adopt notation and hypotheses as in Setup 6.4.5. Leto = (1 < 


Or <+++< 04 < 2m+41) denote an indexing and assume: 
(8) We 350F 
(b) m=2 andj =0. 
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Then: 


1. The ideal tm;(I?,) defines either a Golod ring or a ring of Tor algebra class 


G(2m + 1—t—rank(qi @k)). 


2. Ift < 2m+1— J, then the ideal tmyy(IZ,) defines either a Golod ring or a ring 


of Tor-algebra class G(2m + 1—t—min{1+t,j}). 


3. More generally, the ideal tm,(I?,) defines either a Golod ring or a ring of Tor- 


algebra class 


G(2m + 1—t — rank(Q, ® k) + [oN {3 | Qi(f2) # OF) 


Proof. The assumptions (a) and (b) ensure that F, - F, C m?F), so that by Lemma 
6.3.10, tm,(J/,) defines either a Golod ring or a ring of class G(r’), where 2m — 


rank(qi @k) <r! < 2m. By construction, Ker(Q1 ® k) for each 7 has basis given by 


{fi € Fa | Qi(f2) = 0}. 
Case 1: By the above, one immediately has that rank (Ker(Q1 @k) —> Hom, (FY, F5)) = 


2m — rank(q} @ k). This is because (by Proposition 6.4.6) 


i¢ {i | Qi(f2) A 0}. 
Case 2: Using Proposition 6.4.6, one finds that rank(Q; ® k) = min{1l + 1,7}. 


Moreover, since t < 2m+1-— J, 


[4] N 7 | Qi(f8) ZO} = 2, 


whence rank (Ker(Qi @k) > Hom, (F%, Fs) < 2m+1-—t—min{1+t,7j}. By Lemma 


6.3.10, one has equality. 


Case 3: Define S := oN {j | Qi(fZ) 4 0}. If j € S, then in T., the direct 
summand Rf? has been omitted from F,. Thus, removal of the direct summand 


generated by fZ has no effect on the rank of the induced map 


6: Ker(Q; ® k) + Hom, (FY, Fs). 
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By inclusion-exclusion, this implies that 6 has rank 


2m+1—t—rank(Q, ®k) + |S]. 


Remark 6.4.9. Let S := o N{j | Q:(fZ) 4 0}. Then, in terms of the associated 
tuple (see Remark 6.3.2), the transformation JJ, + tm,(J/,) transforms the tuple 


(2m + 1,1,2m +1) as so: 


rea > tm,(J/,) 


(2m + 1,1,2m+1) 


H+(2m + 2t +1 —rank(Q; @k),1+t,2m+1—t—rank(Q; @ k) +|S}) 


Corollary 6.4.8 immediately allows us to fill in a large class of tuples: 


Corollary 6.4.10. Adopt notation and hypotheses as in Setup 6.3.8. Let (m,n,r) be 


a tuple of positive integers satisfying either: 
1.m—r=3(n—-1),n>2, andn+r 26, 
2.m—r=3(n—-1)-2,n 23, andn+r 26, 
3. m—r=3(n—-2),n>4, andn+r 27. 


Then there exists an ideal J defining a ring of Tor-algebra class G(r) realizing this 


tuple. 


Proof. Case 1(a): n+,7r is even. Write n +r = 2k +2 for some integer k > 2. 
Consider the ideal tm;,—1)(Z2). By Corollary 6.4.8, this has the effect of transforming 


the associated tuple in the following way: 
(Qh+ 112k +1) Ok 1421), pao 12k +1 (n= 1) 


F220 


=(n+r+2n-—3,n,n+r—1l—n+1) 
= (m,n,r). 
Case 1(b): n+,7r is odd. Write n+r = 2k+4 1 for some integer k > 3. Consider the 
ideal tmp,—1)(17). By Corollary 6.4.8, this has the effect of transforming the associated 
tuple in the following way: 
Cbd he DS hol 2G Kia — 10k 1S @ = =f) 
=(n+r+2n-—3,n,n+r—n+1-1) 


= enh): 
Case 2(a): n +r is even. Write n +r = 2k for some k > 3. Consider the ideal 


tm 2%41(72) if n= 3, 
tm 2k+1j;UBn—(z) ifn > 4. 


By Proposition 6.4.6, rank(Q; ® k) = 4 and 


oN {5 | Qi(f2) AO} = (1,2k + 


so |o N{j | Qi(fZ) 4 0}| = 2. By Corollary 6.4.8, this has the effect of transforming 


the associated tuple as so: 


(2k +1,1,2k +1) (2k+142(n—1) —4,n, 2k +1—-(n—1)-442) 
=(n+r+2n-—5,n,n+r—1-—(n—-1)) 


= (97,7): 
Case 2(b): n+,7r is odd. Write n+ r= 2k+1 for some k > 3. Consider the ideal 


tmy2%41(Z4) ifn = 3, 


tm 2k }u3n—ye) ifn > 4. 


Lt 


By Proposition 6.4.6, rank(Q, ® k) = 3, and exactly as in Case 2(a), 


lo 1 {9 | Q1(f2) A O}| = [{1, 2k + 1}] = 2. 
By Corollary 6.4.8, this has the effect of transforming the associated tuple as so: 
CRE, T,2bA DT) YORAM 1). 3 Ok PSH 1) 34) 
=(n+r+2n-—5,n,n+r—1-—(n-1)) 
= (mine). 


Case 3(a): n+r is odd. Write n + r = 2k +1 for some k > 3. Consider the ideal 


tMpr—g},2r41(17). By Proposition 6.4.6, rank(Q) ® k) = 4, and (recalling that n > 4) 


an {J | Qi(f3) - O} = {1, 2, 2k + ine 


so ja N{j | Qi(fZ) 4 0}| = 3. By Corollary 6.4.8, this has the effect of transforming 


the associated tuple as so: 
(2k +1,1,2k +1) (2k+142(n—1) —4,n, 2k +1—(n—1) —44+3) 
=(n+r+2n-—6,n,n+r—1-—(n-1)) 
=i) 
Case 3(b): n+,r is even. Write n +r = 2k +2 for some k > 3. Consider the 


ideal tmjn—2},2x41(1,). By Proposition 6.4.6, rank(Q, ® k) = 3, and (recalling that 


n > 4) 


lo {4 | Q1(f2) A OF] = [{1, 2, 2k + | = 3 
By Corollary 6.4.8, this has the effect of transforming the associated tuple as so: 
Qh 1 Gok) YORI 2 — 1) = 8. ke 1a) 3 +3) 
=(n+r+2n—-6,n,n+r—1—-(n-1)) 


= (Her). 
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Example 6.4.11. Corollary 6.4.10 is far from being an exhaustive list of the possible 


tuples (m,n,r). For example, let R = k{a1, x2, x3] and consider the ideal 
ae ee: 2 BD, Oe AO | SAL eae. ie 
T= (Uy) lo a Po Pat Pt Li 


One may verify using the TorAlgebras package in Macaulay2 that J defines a ring of 
Tor-algebra class G(2) and realizes the tuple (7, 2,2), which does not fall into any of 


the cases of Corollary 6.4.10. 


As of yet, there is no standardized method for producing non-Gorenstein rings 
of Tor-algebra class G(r) en masse besides trimming; because of this, the realizable 
classes covered by Corollary 6.4.10 are bound to be rather restricted. Next, we 


consider rings of class H(p, q). 


Setup 6.4.12. Adopt notation and hypotheses as in Setup 6.4.1. Let X, denote the 


p x (p—1) matriz 


wi Oh 0 0 

Z2 xX, O 0 

3 XQ Xy 0 
Xpi'=|0 23 22 0 
0 

0 O Ly 

0 O L 


and define 
aL) a Bieyane”). 


1 


Let H, denote the Hilbert-Burch resolution of R/Ip-1(X») andG,:=0—>R sy 7 
The minimal free resolution of J, may be obtained as the tensor product Fy := (H ® 


G)e: 


Fy: 0 —> Hz ® G: —> (Hi ® Gi) ® Hy —> H1 ®G; > R. 
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The following multiplication makes F, into an algebra resolution in standard form of 


Tor-algebra class H(p,p — 1): 
hyp hi = hyn hi, 
Ayer gn =h@n, 


ho-r gi = he ®@H, 


where hy, h', € Hy, ho € He, g, € Gi. 


In an identical manner, let F be a minimal algebra resolution of J, := [p-1(X}) + 


(x3”"-*) in standard from of Tor-algebra class H(p,p — 1), where 

a 0 OQ 0 

ae see - 0 

U3 2 x} 0 

Xii=|0 «2 2 0 

0 

0: “O) aes ae Be 

Qe 0" See - ae ge 


Proposition 6.4.13. Adopt notation and hypotheses as in Setup 6.4.12. Assume 


H, = @f_, Rh, where hi > A;. Define qi : Fy > Ky fori <p by sending: 
hi? > eg. (4 > 2), 
hi eo (4> 1), 
hitye, (i<p), 


i —2 
hi @ git —23 “es, 


124 


and all other basis elements to 0. [fi = p+1, write each A; = 211A) j;+%2A2;+23A3,;. 


Define q?t! : Fy > Ky, by sending: 


hi @ 91 4 Ax jer t Ac jea + Agjes, (1<j <p) 


and all other basis elements to 0. Then the following diagram commutes: 


Corollary 6.4.14. Adopt notation and hypotheses as in Setup 6.4.12 with p > 4. 


Then 


1. ifp+1 ¢€ 0, the ideal tm,(Jp) defines either a Golod ring or a ring of Tor- 
algebra class H(p —t,p —1-—rank(Q; ®k). In particular, if o = [t] for some 


t <p, the ideal tmyy(J,) defines a ring of Tor-algebra class H(p—t,p—1-t). 
2. ifp+1€o, the ideal tm,(L) defines a Golod ring. 
3. ifp+1 €a, the ideal tm,(J;) defines a ring of Tor-algebra class H(p—t,p—1). 
4. ifp+1e€a, the ideal tm,(Jf) defines a Golod ring. 


Proof. As in the proof of Corollary 6.4.8, one has 


Ker(Q1 @ k) = Span, {ff € F | Q.(f3) = 0}. 


Moreover, the assumption that p > 4 implies that the hypotheses of Lemma 6.3.13 
are satisfied. 

Case 1: Since Ker(Q, ® k) is obtained by simply deleting basis elements with 
nonzero image under Q; @ k, it follows that rank(Ker(Q,; @ k) + Hom,(FY, F3) < 


r —rank(Q; ®k). By Lemma 6.3.13, the result follows. 
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Case 2: This is simply case (i) of Lemma 6.3.13. 


Cases 3 and 4: Observe that F! has the property that d2(F)) C m?F,. Thus the 


conclusion follows by Corollary 6.3.11. 


Remark 6.4.15. In terms of the tuples of the associated tuple (see Remark 6.3.2), the 


transformation J, ++ tm,(J,) transforms the tuple (p+ 1,p — 1,p,p — 1) as so: 


Jp > tmig(Jp) 


(pt+1,p—1,p,p—1) 6 (p+14 2t —rank(Q; ®k),p—1+t,p—t,p—1-—rank(Q ®&k)), 


/ / 
J, > tmg(J,) 


We conclude with some discussion on the problem of realizability. The results 
of Section 6.3 are stated for arbitrary rings of a given Tor-algebra class. However, 
one must start with a ring of a given Tor-algebra class and then apply the trim- 
ming process to obtain a new ideal with some new set of parameters. The only 
simple candidates for “initial" ideals of Tor-algebra class G(r) and H(p,q) are grade 
3 Gorenstein ideals and grade 3 hyperplane sections, respectively. Even though using 
a combination of linkage and trimming can obtain many of the tuples falling within 


the bounds of Theorem 6.1.5, one is tempted to ask: 


Question 6.4.16. Are there other “canonical" sources of rings of Tor-algebra class G(r) 


and H(p,q), distinct from grade 3 Gorenstein ideals or hyperplane sections? 


Enlarging the set of starting ideals from which one can begin the process of link- 
age/trimming would immediately allow one to add to the question of realizability. 
As it turns out, rings of Tor-algebra class G(r) arise generically when working in a 
polynomial ring. The examples arising in [40] are already obtained by trimming a 
Gorenstein ideal, but it is shown more generally in [13] that generically obtained rings 


of type 2 are of class G(r) under appropriate hypotheses. To the author’s knowledge, 
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there are fewer results of this flavor for rings of Tor-algebra class H (p,q), even though 


these rings seem to be ubiquitous. 
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